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Abstract. Magneto-Acousto-Electrical Tomography (MAET) is a novel hybrid modality that can provide a high spatial reso-
lution in determining the electrical conductivity of biological tissue. The present paper primarily analyzes the existing basic
formulations with the MAET, derives the propagation equations of the sound wave when the mass density of the biological
tissues are variable, and then solves the respective current density and potential difference in an inhomogeneous and homoge-
neous density medium based on the sound speeds obtained. Finally, numerical simulations are performed. As is shown, sound
waves affect magneto-acousto-electrical tomography while varying the biological tissue mass density.
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1. Introduction

Ultrasonic imaging [1,2] is widely utilized in medical imaging due to its high spatial resolution and
relatively low cost. However, it is difficult to differentiate between soft tissues because the acoustic
impedance in muscle and fat is nearly identical. The electrical conductivity of the biological tissue
potentially has a high contrast; accordingly, this has garnered significant attention from medical imaging
researchers. Information about the pathological and physiological condition of tissues can be obtained
by measuring the electrical conductivity. A popular technique for measuring the electrical conductivity
is electrical impedance tomography. However, this method is limited by an inverse problem and lower
spatial resolution [3,4].

At present, several approaches have been developed to improve the spatial resolution of electrical
impedance tomography, including magnetic resonance electrical impedance tomography (MREIT) [5],
magneto acoustic tomography (MAT) [6], magneto acoustic current imaging, and magneto-acousto-
electrical tomography (MAET). Magneto-acousto-electrical tomography techniques have the potential
for high spatial resolution; thus, this technology overcomes the low spatial resolution of electrical
impedance tomography.

Magneto-acousto-electrical tomography integrates the advantages of both traditional EIT and ultra-
sonic imaging. In the MAET method [10], an ultrasound pulse propagates through the biological tissue
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to be imaged in the presence of a static magnetic field. The ultrasonic wave induces Lorentz force on the
ions in the biological tissue, which causes the positively and negatively charged ions to separate. This
separation of charge generates a local source of electrical current or voltage. Therefore, there will be a
corresponding electric field distribution in biological tissues. From the voltage data measured by elec-
trodes on the surface of biological tissues, the conductivity distribution can be reconstructed by adopting
a reconstruction algorithm. For example, the Compression Sensing method can be introduced into the
reconstruction of the conductivity distribution. In order to solve the ill-posed character, the damping
least square algorithm was used to reconstruct the conductivity.

Various studies have been conducted on the development and improvement of the MAET technique.
Wen et al. developed the MAET known as the Hall effect imaging [7]. Kunyansky researched the in-
version procedure for magneto-acousto-electrical tomography [8]. Additionally, Roth developed various
methods for MAET as well as indicated several limitations of the developed methods [9].

At present, magneto-acousto-electrical tomography has primarily been used to investigate homoge-
nous biological tissues. However, in a variety of MAET applications, heterogeneous biological tissues
are unavoidable. For example, in [11], a study was conducted on the electrical and acoustic properties of
biological materials, and biomedical applications were explored. The acoustic wave propagation in the
inhomogeneous medium has attracted the interests of numerous researchers. In this paper, the propaga-
tion equation of the acoustic wave that propagates in variable mass density is derived.

2. Basic formulations of MAET

2.1. Forward problem of the electromagnetic field

Suppose that an object of interest is reconstructed with the electrical conductivity σ, the bounded
region Ω, and the boundary ∂Ω. The object is placed in the magnetic field with a constant magnetic
induction B, through which an acoustic wave propagates with the velocity v. The produced Lorentz
force will generate the location current source given by the following formula:

Js = σv ×B (1)

In addition to the local current source, the arising electrical potential u generates the secondary Ohmic
currents J0 according to Ohm’s law.

J0 = −σ∇u (2)
Since there are no sinks or sources of charges in the object of interest, the total current density is

divergence free.
∇ · (Js + J0) = 0 (3)

Thus,
∇ · σ∇u = ∇ · (σv ×B) (4)

Since there are no currents through the boundary, the normal component of the total current vanishes.
It is shown as follows:

∂u

∂n
|∂Ω = (v ×B) · n (5)

In Eq. (5) given above, n is the exterior normal to ∂Ω.
It is necessary to first obtain v using the sound wave equation so that u can be solved. Then, a method

that sound wave propagation in non-uniform and unsteady acoustic medium must obey is shown as
follows.
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2.2. The acoustic wave equation to inhomogeneous medium

In present MAET research, the acoustic properties of biological tissue are normally treated as the
constant media. In this case, the acoustic pressure satisfies the following wave equation in Ω:

1

c20

∂2p

∂t2
= ∇2p (6)

However, it is clear that in some cases, the speed of sound and the density of the tissues cannot
generally be regarded as constant. In this paper, the sound wave equation is derived when the sound
speeds and the densities of the tissues are variable.

Acoustic kinetic per unit volume for sound potential is represented as:

Ev =
1

2
ρ0v

2 =
1

2
ρ0(∇φ)2 (7)

The relationship between the acoustic pressure and the sound potential in incompressible fluid is that
the acoustic pressure is the time derivative of the velocity potential as shown in Eq. (8):

p = −ρ0
dφ

dt
(8)

Potential energy is written as:

Ep =
p2

2ρ0c
2
0

=
1

2

(
ρ0
c20

)(
dφ

dt

)2

(9)

The Acoustic Lagrange function is the difference between the kinetic energy and potential energy.

L(φ; φ̇,∇ϕ; r, t) = Ev −Ep
(10)

=
1

2
ρ0

[
(∇φ)2 − c−2

0

(
dφ

dt

)2
]

The Euler-Lagrange equation of non-uniform and unsteady acoustic medium can be written as:

∂(∂L
/
∂φ̇)

∂t
+∇ ·

[
∂L

∂(∇φ)

]
= 0 (11)

Because the biological tissue in medical imaging is stationary, the acoustic function of Lagrange can
be simplified as:

L =
1

2
ρ0[(∇φ)2 − c−2

0 φ̇2] (12)

The equation ∂ρ0/∂t = 0 holds in the static organization, so the following can be derived when
Eq. (12) is substituted in Eq. (11):

∂(c−2
0 φ̇)

∂t
− ρ−1

0 ∇ · (ρ0∇φ) = 0 (13)

In this paper, c0 is considered constant, so the sound potential in the biological tissue satisfies the
following equation:

c−2
0 φ̈− ρ−1

0 ∇ · (ρ0∇φ) = 0 (14)
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Fig. 1. Schematic diagram of acoustic pressure in the con-
stant mass densities.

Fig. 2. Schematic diagram of acoustic pressure in the vari-
able mass densities.

When Eq. (8) is substituted in Eq. (14), the wave equation that the acoustic pressure satisfies in Ω can
be derived. The vibration velocity can be obtained by Eq. (16).⎧⎪⎪⎨

⎪⎪⎩
1
/
(ρ0c

2
s)∂

2p
/
∂t2 +∇ · (−(1/ρ0)∇p) = 0

p |t=0− = 0
∂p
∂t t=0− = 0

n · ∇p = −∂p/∂t in boundary

(15)

ρ0
∂v

∂t
= −∇p (16)

3. Numerical simulation results

This algorithm is verified by a two-step procedure: (1) the acoustic pressure p is calculated numerically
in the tissue when the densities of the tissues are approximately constant and variable, respectively, and
(2) the surface current density distribution and potential difference are calculated numerically by taking
into account the acoustic field coupled with the electromagnetic field.

A 2D model is built to simulate the ultrasound pulse propagation in a sample. The tissue is assumed
to be rectangular with a width of 20 mm and a height of 10 mm, and the outer boundary of the tissue
is circular and satisfies infinite boundary conditions. Further, the sound source is assumed to obey a
Gaussian distribution, and the sound pressure peaks at 1MPa propagating along x. The mass density of
the sample is 1000 kg/m3, and the electrical conductivity is 1 s/m. The sound speed is 1500 m/s, and
the sample is steeped in water that has a density and sound speed that are identical to the tissue. The
distance between the ultrasound transducer and the sample is 12.5 mm. In Figs 1 and 3, the acoustic
pressure and the surface current density in which the mass density and the electrical conductivity are
constant are respectively shown. In contrast, the density of the biological tissue is changed, but the
electrical conductivity remains 1 s/m. For example, a Gaussian distribution for the mass densities is
considered. In general, the tissue densities remain within about 1100 kg/m3 except for human bones;
thus, the variable density is 1100 ∗ (exp(−(x∧2 + y∧2)/0.03 ∗ 0.03)) [8]. The acoustic pressure and
the surface current density are shown respectively in Figs 2 and 4. In MAET, the potential difference
measured in the surface is conducive to the reconstruction of the electrical conductivity of the tissues,
and as a result, it is stimulated as shown in Fig. 5.
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Fig. 3. Schematic diagram of the surface current density in
the constant mass densities.

Fig. 4. Schematic diagram of the surface current density in
the variable mass densities.

Fig. 5. The potential difference comparison of two kinds of densities tissues and the absolute value of the difference.

The following conclusions can be safely drawn based on the above simulation: (1) when the density
is continuously variable, the propagation path of the acoustic wave will change at the interface, but
the waveform in the biological tissue is still regular; (2) when the density is continuously variable, the
current density and the measured potential difference only differ in amplitude from those measured when
the density is constant. In this paper, only the smaller mass density change is considered. In this case,
the mass density can be approximately regarded as a constant. For example, when MAET is applied in
soft tissue without bones, the mass density can be approximately regarded as a constant.

4. Discussion

In many MAET applications, heterogeneous biological tissues are inevitable. Consequently, research
on acoustic wave propagation in an inhomogeneous medium is highly significant. In this paper, the equa-
tion that the acoustic wave satisfies is given, and its effect on magneto-acoustic-electric tomography is
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addressed when the biological tissue mass density is continuously variable. Furthermore, the acoustic
waves were analyzed as well as the impact on magneto-acousto-electrical tomography when the bio-
logical tissue mass density was varied. However, there are several other problems worth considering:
(1) while the problem of continuous density changes is researched in the present paper, block density
changes are not taken into account, and (2) it is still uncertain as to what degree the density can change
and yet still be considered approximately constant.
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