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Abstract. For several different boundary conditions (Dirichlet, Neumann, Robin), we prove norm-resolvent convergence for
the operator —A in the perforated domain Q\ | J;cs,7¢ Ba, (i), a¢ < €, to the limit operator —A + 1, on L2(2), where 1, € C
is a constant depending on the choice of boundary conditions.

This is an improvement of previous results [Progress in Nonlinear Differential Equations and Their Applications 31 (1997),
45-93; in: Proc. Japan Acad., 1985], which show strong resolvent convergence. In particular, our result implies Hausdorff
convergence of the spectrum of the resolvent for the perforated domain problem.
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1. Introduction

In this article we study the following homogenisation problems labelled by ¢ € {D, N, «} (“D” for
Dirichlet, “N” for Neumann, and “o” for Robin). Let Q@ € R¢, d > 2 be open (bounded or unbounded)
with C? boundary. For unbounded domains £ we assume translation invariance, i.e., Q +z =  for any
ze€Z Leta € C\ {0}, Re(ar) > 0 and denote Q, := Q\ UieL; B, (i) where ¢ € (0, 1), B, (i) is the
ball of radius l

gd/@=2 g >3, w _
@ =N g, G =0l (=0, =D (1)
centered at the pointi € L., and
L. :={i € 2¢Z% : dist(i, Q) > ¢}. (1.2)

Consider the boundary value problems (cf. Figure 1)

(—A+ Du = f in Q,

(Dir)
ut =0 on 082,
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2a; 2e

Fig. 1. Sketch of the perforated domain.

(A 4+ Du® = f inQ,, (New)
ut =0 on 082,
(A 4+ Du® = f inQ,, (Rob)
out+oau=0 on 90€2,,

i.e. the resolvent problem for the Laplacian, subject to the Dirichlet, Neumann and Robin boundary
conditions, respectively. It is easy to see, using the Lax—Milgram theorem, that for all ¢ € (0, 1) each
of these problems has a unique weak solution u°. It is a classical question, which we refer to as the
homogenisation problem, whether the family of solutions to (Dir), (Neu), (Rob), obtained by varying
the parameter &, converges in the sense of the L2-norm to a function u € L*(Q2) as ¢ — 0 and whether
the limit function u solves, in a reasonable sense, some PDE whose form is independent of the right-hand
side datum f.

Homogenisation problems of this type have been studied extensively for a long time [2,5,7,11]. For
example, results by Cioranescu & Murat and Kaizu give a positive answer to the previous question for
all three choices of boundary conditions at least in the case of bounded domains. In fact, they showed
that the solutions of (Dir), (Rob), (Neu) converge strongly in L?(Q2) to the solution u € H'(Q) of
(=A+ 14+ pu)u = f, where

z t=D,d =2,
@28, _
= Oz—d”’, t—]l\>/,d>3, (1.3)
b t= 9
o, L= a,

where S, denotes the surface area of the unit ball in R?.

In this article we attempt to improve this result in two directions. First, we show the above convergence
not only in the strong sense, but in the norm-resolvent sense (that is, the right-hand side f is allowed to
depend on ¢). Second, our result is then extended to the case of unbounded domains. As a corollary, we
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obtain a statement about the convergence of the spectra of the perforated domain problems (Dir), (Neu),
(Rob) as ¢ — 0.

The paper is organised as follows. In Section 2 we will briefly give a more precise formulation of the
problem and include previous results. In Section 3 we will state our main result and its implications.
Sections 4, 5 and 6 contain the proof of the main theorem and in Section 7 we consider implications
of our main theorem for the semigroup generated by the Robin Laplacian. Section 8 contains a brief
conclusion and discusses open problems.

2. Geometric setting and previous results

As above, assume d > 2, and let

T.:=|J I, Tf:=By@.iecL.,

i€Lg

where a;, L, asin (1.1), (1.2). Denote 2, := Q\7;. We also denote Bf := B, (i) and P/ := ¢[—1, 1194
for i € L,. Constants independent of ¢ will be denoted C and may change from line to line. Note that
our assumptions on €2 ensure that the set {¢|q : ¢ € Cg"(Rd)} is dense in H'(2) (cf. [1, Cor. 9.8]) in
the casest = N, «.

Moreover, since we are dealing with varying spaces L?(£2,), it is convenient to define the identification
operators

(x)’ X E QE’
Jo  L3(Q,) — L*(Q), Jfm =17 2.1
e (€2¢) (€2) e S (x) {0’ reQ\Q (2.1)
L LX(Q,) — LX(Q),  Lgx) =gl (2.2)
| | u in 2,
Te: H () — H (), Teu = . (2.3)
v in T,
where v is the harmonic extension of # into the holes, i.e.
Av=0 inT, 2.4)
v=1u onoT;.
Lemma 2.1. For I, J. as above, one has
Ig]g == isz(Qg) (25)
| Je 1o — idL2(9)||L(H1(Q),L2(Q)) — 0. (2.6)

Moreover, | I: || z2@.). L2 Vel 22, 12,y are uniformly bounded in ¢.
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Proof. The only nontrivial statement is (2.6). To prove this, let f € H'(Q,). Then || f — J. L. f|| L@ =
Il f | L2(z,)- To show that this quantity converges to O uniformly in f, denote Q; := [0, D¢ +kfork € 74
a cube shifted by k, so that R? = | J,_;« Qk. Then we have

2 _ 2
1A 12y = 2 1 120

kezd

2 2
< g ”1”LZP(QkﬂTE)”f”qu(QkﬂTs)
kezd

for p, g > 1 with p~! +¢~' = 1, by Holder’s inequality. Since f € H'(R2), we can use the Gagliardo—
Sobolev—Nierenberg inequality to conclude (for suitable ¢) that

2 2 2
1 W2y < WU Z2ncounry 2 1 2000
kezd

2 2
< ”1||L2p(Q0ﬂT€) Z C”f”Hl(QkﬂTs)
kezd

= |Q0 m T£|l/pC”f”ill(Ts)

with some suitable p > 0. Since |Qo N T;| — 0 as ¢ — 0 (cf. the definition of a;, (1.1)), the desired
convergence follows. [

Lemma 2.2. In the cases t € {N, a} the harmonic extension operator T, satisfies

(1) limsup,_ o 1 7cll g1 (@n— a1 (@) < O
(i1) There exists C > 0 such that ||7;'QU||H1(P[_£) < C||w||H1(Pis)f0r allw e H'(Q,) andi € L,.
(iii) For any sequence w, such that imsup,_ [|w;| g1 (q,, < 00 one has | Tow, — Jowg|l12(q) — O.

Proof. See [5],[11, p.40]. O

In the above geometric setting, we will study the linear operators A., t = D, N, « in L*(,), defined
by the differential expression —A + 1, with (dense) domains

D(AP) = H{ (Q2.) N HA(R),
D(AY) = {u € H*(Q,) : d,u =00n 9},
D(AY) = {u € H*(Q,) : dyu + au =00n 3, },

e
respectively, and the linear operators A* in L?(£2,) defined by the expression —A + 1+ 1, with domains
D(AP) = Hy () N H*(Q),
D(AN) = {u € H*(Q) : d,u = 0 on 3R},
D(A®) = {u € H*(Q) : d,u + au = 0 on IR},

respectively, where p,, ¢t = D, N, «, are defined in (1.3).
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Remark 2.3. In the case when d > 3 one has the characterisation

1

MD:iﬂmﬁf Wm%ueHwMLuzlmBmm} 2.7
2 RY\ By (0)

Note that the factor 1/2¢ arises from the fact that the unit cell is of size 2s.
Using the notation above, we recall the following classical results.

Theorem 2.4 ([2]). Let @ C R be open (bounded or unbounded). Suppose that f € L*(2), and let u®
and i be the solutions to

(—A+ Du’ = f, u° € Hy(Q),
(—A+ 1+ pup)ii = f, @ € H)(RQ).
Then Jo® = it in HY ().

Theorem 2.5 ([5]). Let @ C R? be open (bounded or unbounded), and suppose that dS2 is smooth.
Suppose also that f € L*(2), and let u® and ii be the solutions to

(—A+Du = f, u® e D(AYN),
(—A+1+peni=f, ieD(AN).
Then one has
e e—0 _ . 1
Jou® — u in H (2).
Proof of Theorems 2.4 and 2.5. The results are obtained by following the proofs of [2, Thm 2.2], [5,
Thm 2]. Note that the weak convergence in H' () is immediately obtained also for unbounded domains

(and complex ). [

An important ingredient in the proofs are auxiliary functions w. € W!*°(R) defined, for each ¢ €
(0, 1), as the solution to the problems

wP =0 inTf, dw* +aw? =0 ondT’,
oM 1 AwP =0 inBf\Tf, Aw? =0 in Bf \ Tf, 2.8)
7 JwP=1 inPf\ B, w? =1 in Pf\ Bf,
wP continuous, we continuous,

used as a test function in the weak formulation of the problems (Dir), (Neu), (Rob).
These functions were used in [2,5] as test functions to prove strong convergence of solutions. They are
“optimal” in the sense that they minimise the energy in annular regions around the holes. In the Dirichlet
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case, the function wP is nothing but the potential for the capacity cap(B.(i); B,p(i)). It can be shown
that one has the convergences

D
w, — 1

weakly in H' ()
Tewd — 1}

—Awf;3 — Up
strongly in H~'(2)
-V. (ngvwg) + Olwg&)Ts —> My

as ¢ — 0, where 37, denotes the Dirac measure on the boundary of the holes (for a proof of the above
facts, see [2, Lemma 2.3] and [5, Section 3]).
3. Main results

In what follows we prove the following claim.

Theorem 3.1. Let J., A;, A' be defined as in the previous section. Then for « € {D, N, o} one has

L -1 L -1
H JS(As) - (A) Je ”LZ(LZ(SZg),LZ(Q)) =0 (>0, (.1
that is, the operator sequence A, converges to A' in the norm-resolvent sense.

Corollary 3.2. If A., A are as in Theorem 3.1, then

-1 -1
H (Als) I — IS(AL) ||L(L2(SZ),L2(Q€)) — 0, (3.2)
where I, is as in (2.2).

Proof. For notational convenience, denote R, := (A‘s)_1 and R := (AY)~!. A quick calculation shows
that

RsIe - IeR = Is(JeRe - RJe)Is - (Is-]s - I)Rsls
= Is(JaRs - RJ8)187

since I, J; =id;2(q,). Hence

2
IR:Ie — IRl ). 1200 < Mellz2). 12000 e Re — RUell cir2a). 122

-0
as ¢ — 0, by (3.1) and uniform boundedness of || I || £;2(q,).12(2)- U

We note an important consequence of the above theorem.
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Corollary 3.3. For all compact K C C, one has o(A,) N K il o (AY N K in the Hausdorff sense.'

Proof. First, note that the spectra of A} converge to that of A‘, in the sense that for each compact
K C p(A) there exists &g > 0 such that K C p(A}) for all ¢ € (0, &). The proof of this is obtained
by combining the proofs of Lemma 3.11, Theorem 3.12 and Corollary 3.14 in [8]. On the other hand, an
analogous proof using (3.2) and (2.6) shows that if K C p(A}) for almost all ¢ > 0, then K C p(A").
Together these two facts imply Hausdorff convergence. [

In particular, this corollary shows that (if Re(«,) > 0) a spectral gap opens for A, between 0 and
Re(u.).

Remark 3.4. We note that our assumption on the spherical shape of the holes was made for the sake
of definiteness, however, our results easily generalise to more general geometries as detailed in [2, Th.
2.7]. Moreover, our results are also valid for more general elliptic operators div(AV) with continuous
coefficients A (cf. [2]).

4. Uniformity with respect to the right-hand side

In this section we prove that the result of Theorems 2.4, 2.5 hold in a strengthened form, namely,
uniformly with respect to the right-hand side f. More precisely, the following holds.

Theorem 4.1. Suppose that ¢, \ 0, f, € L*(,), n € N, with Il full L2,y < 1, and let u, and u, be
the solutions to the problems (1 € {D, N, a})

(—A+ Duy, = fu, u, € D(A,), 4.1)
(—A+ 1+ w)ity, = Je, fo, &, € D(A"). (4.2)

Then for every bounded, open K C 2 one has

Jou' — i, — 0 strongly in L*(K),

&nn

Je,Vu' — Vit —~ 0 weakly in L*(K),
fort e {D,N, a}.
Proof. We have the following a priori estimates (note Lemma 2.2):

HTSHM:):’N”HI(Q) g C”J«?nfn”Lz(Q)»
H anuyll) HHI(Q) g C||]Enfn||L2(Q)’

||| 1@y < CllJe, full 2y Ve € {D. N, ).

IFor the definition of Hausdorff convergence, see e.g. [12].
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Thus, there exists a subsequence (still indexed by n) and u', i* € H'(2) such that

p " uP

<

Je

ueN "2 N weakly in H'(R). 4.3)

n-"n
nn

7;/

k—o00

it "X, e (DN a)

Note that that for every bounded K C 2 the convergence statements (4.3) are strong in L*(K). In
particular, employing Lemma 2.2(i), (iii) and the Rellich Theorem we immediately obtain

Je,u' — u' strongly in L*(K),
Je,Vu' — Vu' weakly in L*(K)
it — ' strongly in L*(K), (4.4)
Vi, — Vi'  weakly in L*(K). (4.5)
forall: € {D, N, a}. Next, choose a further subsequence (still indexed by n) such that also J;, f, ey f

weakly in L2(2), where the limit f may depend on the choice of subsequence. Now, consider the weak
formulations of the problem (4.2), i.e.

/WV¢+(1+ML)/E¢=/E¢,
Q Q Q

where ¢ € C°(2) fort =Dand ¢ € Cgo(]Rd) for: = o, N. Letting n — oo and using the convergencies
(4.4), (4.5) (with K = Q N supp ¢) we obtain

fv—wm(lwt)/%:f?«p.
Q Q Q

Next consider the weak formulation of (4.1),where we choose the test function w, ¢:

J

where again ¢ € C;°(2) fort =D and ¢ € Cgo(]Rd) for t = «, N. It follows from the results of [2,5]
that the left and right-hand side of this equation converge to

Vi (w' ) + /

an

Tl _ V)
an5n¢ _/ f;‘lwg” )
an

€n

[ v+ a4 wmg) wa [ To.
Q Q

respectively. Thus, we obtain

f(WV¢+ (14 p)u'¢) = / [,
Q Q
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and hence u' and #‘ are weak solutions to the same equation. Uniqueness of solutions (for all ¢ €
{D, N, a}) implies &' = u*, which shows the assertion for the chosen subsequence.

Finally, applying the above reasoning to every subsequence of (J,, u!, — u,,) yields the result for the
whole sequence. [

Corollary 4.2. [f the domain <2 is bounded, one has

—1 —1
H Je (Ai:) - (AL) Je ” L@ L2Q) 0 (=0
for i € {D,N, a}, i.e., Theorem 3.1 holds in that case of bounded 2.

Proof. Since €2 is bounded, the embedding of H'!(2) in L*(2) is compact, thus the sequence J., u', —ii’,
from the previous proof has a subsequence converging to 0 strongly in L?(£2). Since this can be done for
every subsequence of (J,, u, — u, ), the whole sequence converges to 0.

Now, choose a sequence f, € Lz(an), Il fullL2(2,) < 1, such that

A 1 1

sup H (Jen (As) - (A) an)fHLz(Qg) -

fEL2(an) n
<1

-1 -1
- ” (an (Ai:n) - (A[) an)fn ||L2(an)'
By the above, the right-hand side of this inequality converges to zero, which implies the claim. [
Treating unbounded domains requires further effort. Since we lack compact embeddings in this case,

we will have to take advantage of the sufficiently rapid decay of solutions to (—A + 1)u = f and a
decomposition of the right hand side with a bound on the interactions.

5. Exponential decay of solutions

We begin with a general result which we assume is classical, but include for the sake of completeness.
Let U C R? open satisfying the strong local Lipschitz condition, A > % and consider the problems (cf.
(Dir), (Neu), (Rob))

—A+ Mu* = in U

( + AMu f iU, 5.1)
ohu*+au*=0 ondU;

—A+MuN = in U,

( N+ u S in (52)
ouN =0 on dU;

—A 4+ MuP = in U,

(D +Mu”=f in (5.3)
u’ =0 ondU.

Let xo € R?, and define the function @ (x) = cosh(|x — x¢|). Then the following statement holds.
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Proposition 5.1. Let f € L>(U), supp( f) compact. Then each of the problems (5.1)—(5.3) has a unique
weak solution u* € H'(U) satisfying

/]u‘|2wdx < M/ | fPwdx (5.4)
U U

/|Vu‘|2a)dx < M/ | fPwdx, (5.5)
U U

where M = max{2, (A — 3)~'}.

We postpone the proof, in order to introduce some notation and prove auxiliary results. First, let us
denote dju := wdx and introduce the weighted Sobolev spaces H = W'2(U; w), Ho := WOI’Z(U; w)
with scalar product

(u,v)H=/uvdu+fVu-Vvdu.
U U

Moreover, let A > % and define the sesquilinear forms

_ — VvV
a®(u,v) :=/(Vu-Vv+Aﬁv)du+f vVu~—wdu+a/ uvwdS onH, (5.6)
U U w U
N o _ — Vo
a (u,v):= [ (Vu-Vvo+ruv)du+ | vVu- —du onH, (5.7)
U U w
D = — — Vo
a (u,v):= | (Vu-Vv+iuv)du+ | vVu-—du onHy. (5.8)
U U w

Lemma 5.2. For A > % and 1 € {D, N, «}, the form a* is continuous and coercive on H (on Hy in the
caset = D).

Proof. We will only treat the Robin case here, the other cases being analogous. Denote by [ the second
term in (5.6) and note that w was chosen so that |Vw| < w. By Holder’s inequality with respect to i one
has

Vo 1 ) L5
|I| < j ||vu||L2(u)”v||L2(u) < EHVMHLz(;L) + EHUHLZ(M)’
oo
—_——
<1

and thus
2
laGu, )| = 1Vull}a g,y + 2lulf, + el 2], +1

1
2 2 2 2
> IVl + Ml s, = 51V, = 51802,

_ 1 \V/ 2 1 2
_5“ u”LZ(#)—i_ )"_5 ”u”LZ(M)’
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which shows coercivity in . Continuity follows by estimating the boundary term. By the trace theorem
[3, Prop. IX.18.1] we have, for each § > O,

C
/BU ulwdx < 28]V (0'2u)] ), + = |72, (5.9)

The first term can be estimated using the special choice of w:

2

Vo
HV( 1/2 ||L2(U) f‘ I/ZVu—i— MT dx

5 1 2|Vco|2
<2 w|Vul"dx += | |lul"——d
U 2 Jy w

ol? )
|u|“wdx
00 JU

The desired continuity now follows immediately by combining (5.9) and (5.10). O

\%
<2 Vull g2y +2

<2/ Vull3 (5.10)

(n)°

Lemma 5.3. Let f € L>(U), t € {D, N, a}, and suppose that supp( f) is compact. Then the problem
a'(u,v) = / fvdp YveH (5.11)
U

has a solution in H.

Proof. By Holder inequality, one has

/ Sfu dﬂ‘ < ”f”LZ(M)”v”LZ(M) < ||a)”L°°(3uppf)||f||L2(U)“v”LZ(M)’
U

so f € H'. The assertion now follows from Lemma 5.2 and the Lax—Milgram theorem for complex,
non-symmetric sesquilinear forms [13, Thm. VI.1.4]. 0

Proof of Proposition 5.1. Again we focus on the Robin case, the other cases being analogous. Denote
by u the solution obtained from Lemma 5.3. Then u € H'(U), since X C H'(U). Moreover, let
¢ € C3°(R?) be arbitrary and decompose it as ¢ = wyr. Then ¢ € CS°(R?) C H and one has

/W-v¢dx+xfﬁ¢dx+a/ updS
U U

U

uywdx +a/ uywdS

U

=fW-(wV1ﬁ+tﬁVw)dx+k/
U

U

=a“(u, ¥)
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Thus, the function u solves the problem
f Vu-Védx +Af up dx —i—a/ updS = f fodx Vo e CF(RY). (5.12)
U U U U

Uniqueness of solutions and density of C3° (R?) in H'(U) implies that u is the weak solution in H'(U)
to the Robin problem (5.1).
The estimates (5.4), (5.5) follow from the coercivity of a*. [

6. Decomposition of the right-hand side

In this section we consider the case of unbounded 2. We conclude the proof of Theorem 3.1 by
decomposing the domain into cubes Q;, writing f = ) . f xo, and then applying the above results to
each term fxo,. The following lemma shows uniform convergence with respect to the position of the
cubes.

Lemma 6.1. Let ¢, \, O and f, € L*(Q), n € N, be such that Il full 2@ < 1 and supp(f,) C Qi,,
where Q; = [0, 114 + i, with i, € Z“. Let u,,, i, be the solutions to the problems

ALul = fula,,  Ad,=f,, neNuie{DNak (6.1)

Then || Jg,u, — i || 2 — O forallt € {D, N, a}.

Proof. The idea of the proof is to use translation invariance, in order to shift supp( f,,) back near zero for
every n, and then use the Fréchet—Kolmogorov compactness criterion to obtain a convergent subsequence
of (Je,u:, — u}); Theorem 4.1 will identify its limit as zero. Since the following analysis is independent
of the choice of boundary conditions, we henceforth omit ¢ to simplify notation.

We now carry out the outlined strategy. We set, for all n € N,

MZ(X) = un(x + in)v LNtZ()C) = lzn(x + in)v fn*(x) = fn(x + in)-

These functions still solve the problems (6.1) with f, replaced by f," and €2 replaced by 2 — i,,. The
new sequence f* has the nice property that supp(f;*) C [0, 1]¢ for all n. In the following we consider
Je,u¥, i, f* as elements of L*(R?) that are zero outside Q — i,. We will now show that i* — J, u*

converges to zero in L2(R?). To this end, consider the bounded set

F =i — Jou; :n € N} C L*(RY). (6.2)
Claim: F is precompact in L*(R?).
We postpone the proof of this claim to Lemma 6.2. We immediately obtain that (u); — J,,u);) has a
convergent subsequence in L?(R?). Furthermore, Theorem 4.1 shows that iy — Je,u

wllz2xy — 0 for
every bounded K C R? which identifies the limit of the subsequence as zero.
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Arguing as above for all subsequences of (i) — J,, u)), we conclude that i} — J, u; — 0in L*(RY).
Since the shift u > u(- + i,) is an isometry in L?(R?), this implies that ii,, — an u, — 0in L?(). O

Lemma 6.2. The set F defined in (6.2) is precompact in L*(RY).

Proof. We will use the notation and conventions from the previous proof and distinguish between the
Dirichlet case and the Robin/Neumann cases.
Dirichlet case. Step 1: We have

sup|| T (it — Jo,ul) — (it — ]en”Z)HLz(Rd) —0 ash—>0VneN,

Enn

where 7, denotes the operator of translation by /4. Indeed, the standard regularity theory implies

o (@ = Je,uz) — (@, JEn”n)”H(Rd) |v (@ JEn“n)”LZ(RLI)VI| < Cllfallz @Rl
Step 2: Notice that

suP“f‘f, — Je, U, “LZ(R"\BR(O)) — 0 as R — oo,
n

due to the following estimate in which we set wg(x) := cosh(|x|).

2] @wnwy | + 2| Jeu;

HﬁZ Je, nHL2(Rd\BR(O)) X (Q\Bg(0)) onen ||L2((Rd\BR(0))

< 4M ” Ja@o ||L2(Rd) ”w(;l ||L°0(Rd\BR(O))

Prop- 5.1 Cl| full 2y €XP(—R)

which completes Step 2. Applying the Fréchet—-Kolmogorov theorem yields the precompactness of F.
Neumann and Robin case. Here the strategy is the same, but matters are complicated by the fact that
Je,u* is not in H'(R?). To show that F is precompact, we decompose elements in F as

— Jeuy = (a0 — Te,ul) + (To, — Jo,us,

define Fy := {u; — T.,u; : n € N}, 7, = {(T;, — J;,)u; : n € N} and show that 7, and F,
are precompact in L?(R?). We will begin by showing that F; is precompact. To this end, denote by
£ : H'(Q) — H'(R?) an extension operator satisfying Eu|q = u and IEull g1 ray < Cllull () for all
u € H'(Q) (cf. Prop. VIL.19.1 and Remark VII.19.2 in [3]). Note that by translation invariance one has
Ety, = 1€ and (Eu,)* = E(u)). We start by proving that

n-"n

sup|| & (it — To,uy) — E(iy — Te,uy)|, >0 ash—0

This readily follows from the estimate

) - 5(12: - 7;1”;) ||L2(Rd) < va(i‘: - 7;1”:)” LZ(Rd)|h|
< Clay - I

(@, — To

n-n

Tyt ” H (Q+in)
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< C“ f,,* “L2(52+i,1)|h|

< Clhl.
Next we prove that

suP“g(ﬁ: - ﬁ,l“:)HLz(Rd\BR(O)) — 0 asR — oo.
n
Indeed, notice first that

- 2 a2 2
HE(”; - ﬁnu:)HLz(Rd\BR(O)) < C(””: ” L2(Q=in\Br(©) T ” 7‘;"1/!:HLz((anfi,,)\BR(O)))
= Cllitnl 2085y + 1Tl 20, 03 G) 6.3)

To treat the two terms on the right-hand side we apply Lemma 2.2(ii) and Proposition 5.1 with w;, (x) =
cosh(|x + i,]) as follows. For the second term in (6.3), we obtain

17z, 220 \Brty < C (It ll 2@\Brp) + 1Vt | 2@\ BR 21y

< ”wl/zwi;m + ||a)l_1n/2w;1/2vun H L2(Q\Bg)2(in))

;1/2 ” Lo(Q\Bg/2(in))

Un H L2(Q\Bg/2(in))

in

N

c( + [l ox*vu, [

H wiln/zun H L2(2\Bg2(in) “ LZ(SZ\BR/Z(i,,)))

< CM| £,0,|| 12 XP(—R/3)

< 2CMexp(—R/3),

where we use the fact that w;, is bounded by 2 on supp f,,. With an analogous calculation for the first
term in (6.3), we finally find

| @@ = Te,un) || 2 pooyy < € eXP(=R/3), (6.4)

with C independent of n. Applying the Fréchet—Kolmogorov theorem yields the precompactness of the
set {€(u; —T.,uy) : n € N}. Finally, noting that 7, = {£(u; —7.,u;) : n € N}xq and that multiplication

n
by xq is a bounded operator on L?(R?) we obtain precompactness of F.

To prove precompactness of F, first note that by Lemma 2.2(iii) for any § > 0 there exists a ny such
that

(e, = T Du|, <8 Vn > ne.
Let us fix arbitrary § > 0 and n( as above. It remains to estimate the terms
| (e, = Te)us = ey = To)us | oy 1 < 0,
but these are only finitely many, which clearly converge to zero individually, and hence

sup H tw(Je, — Teuy — (Je, — Te, ) ”2 -0 ash—0

n<ng
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Altogether we have shown that

Sup” Th(an - 7;,,)“: - (‘]En - 7;n)u: ||L2(Rd) = max{ Sup ||Th(‘]8n - 7‘:“11)”; - (Jgn - ,7;/1)“: H2’ 28}

n<ng

220 5.

Since § > 0 was arbitrary we finally get

lim sup [, (Je, = Te,)uy = (Jo, = Te )5 | 2y = O-

=0 peN

This completes the first Fréchet—-Kolmogorov-condition. The proof of the second condition

SUP”(Je,, — T U, || L2RI\BRO) 0 asR — o
n

is analogous to the case of F;. Applying the Fréchet—Kolmogorov theorem yields precompactness of F;
and completes the proof. [

Corollary 6.3. There exists §, with &, 9 0 such that

| (7:(A) " = (A) ' 2) (Fxoine)

e SOl fxollze
forall f € L*(Q) andi € 7.
Proof. We argue by contradiction. Suppose that there is no such function é.. Then there exist sequences
Ens fus 1 With || f3 ]l 2(q) = 1 such that (J.(AH) ™! — (Afdn)_lJg)(anQl.”ngn)lle(Q) does not converge to
zero, which is a contradiction to Lemma 6.1. O
In order to finalise the decomposition, we require he following two lemmas.
Lemma 6.4. Suppose that f € L*(Q), and denote
= ((A) " = (&) 7 L) (frone), i€ Z
Then one has
(i uj) 20| < Clf xo 2ol f xo; 2@ exp(—1i — j1/2) (6.5)
foralli, j € Z¢ withi # j, where (-, ‘) L2(q) denotes the standard inner product in L*(RQ).

Proof. For convenience we write f; := fxp,,i € Z%. Denote w;(x) = cosh(|x — i|) and note that by
Proposition 5.1 we have ||wi1/ u il < Cl fia)il /2 | 2(q)- The statement of the lemma is a consequence
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of the following estimate:

i 1) 2000 | < /Q}ui(xwuj(xﬂdx

= u;(x)|w; u;i(x) a)l/2 o P dx
(ool )y ol o

1/2 172 -1/2 71/2

< o

” L2(Q) ”” i@ ||L2(Q) ” ||L°°(§Z)

<C H fiwil/z H L2(Q) “ f/"();/2 H L2(Q) ““’0_1/2 _1/2 “ Lo(Q)

< Cllfillez 1 fill 2 exp(—li - j|/2),
where we use the fact that supp(f;) C Q; and w;|g, < 2. [

Lemma 6.5. Suppose that f € C;°(Q2,) and define u; := (Jg(AfE)_1 — (A‘)_ljg)(fXQi), i € Z% Then
for every n > 1 one has the inequality

N
< C(n3 > iy ey + 1/ 20 exp(—n/3>>, (6.6)
L2(R)

m=1
where N is the number of cubes such that Q;, N supp(f) # ¥, and C, n do not depend on N.
Proof.

N
§ i (i, uj,) 2@

L2(Q)  m.p=l

o
= Z( (ui, ”j>L2(s2)>
k=0 “i—j|elk,k+1)
o
( ||Mi||L2(sz)||”j||L2(sz)> + Z( Z (ui, Mj>L2(sz)>
k=n

=0 Vi—jle[k,k+1) li—jlelk.k+1)

<

- ¥ (e
o0

+Z< Z (ui,Mj)LZ(Q))

k=n Ni—jlelk,k+1)

N 00
Z( > ||ul~m||iz(m)+z< > <u,~,u,,->Lz<Q>>
k=n

k=0 m=1 *{j:lim—jl€lk.k+1)} li—jlelk.k+1)

=

=~

n
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n N oo
<C Z k2 Z ”uim ”22(9) + Z( Z (Ll,‘, uj>L2(Q)>
k=1 =1

k=n Ni—jlelkk+1)

N 00
<Cn3Z||uim||iz(9)+Z< > <ui,uj>Lz(Q)). (6.7)
m=1

k=n “i—j|e[k.k+1)

We now study the last term of (6.7). It follows from Lemma 6.4 that

Ly
i, u;) 2| < Cllfill 2@l fill e 270

Using this fact and fixing k for the moment, we obtain

Z (u;, Mj)LZ(Q)

<C Y Mfleelfilleeexp(=li — jl/2)

li—jlelk,k+1) li—jlelk,k+1)
£l 113
(€) JNL2(Q) . .
<Cc > < R )exp(—lz—]|/2)
li—Jjl€lk,k+1)

N
< CY N finl 20k exp(—k/2)

m=1

= CIlf 220 exp(—k/2)

Summing this inequality from k£ = #n to infinity concludes the proof. [
Combining the above lemmas, we have the following quantitative statement.

Proposition 6.6. Suppose that f € C;°(S2;). Then for every n € N,

[(7:(40) ™ = (4) 790 f [y < €282 + exp(=n/D) 1 2
for some C > 0, where §. was defined in Corollary 6.3.

Proof. We denote uf := (J.(AL)™! — (AY ') (fxo,). i € R?, and estimate

N 2

&
Z U,

m=1

| (A ™ = (A) 1) £ ey =

L2(R)

N
Lemma 6.5 < C <n3 ZHufm Hiz(ﬂ) + exp(—n/3) ||f||L2(Qs)>

m=1
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N
Cor. 63 c<n3a§ S oo, + exp(—n/3>||f||Lz<gg>>

m=1

= C(n*67 + exp(=n/3))I f172q)- O

Proof of Theorem 3.1. Let g € L?(R2,) with llgllr2,) < 1. Fix 6 > 0 and choose f € C°(£2.) such
that |g — f||i2<Q ) < 6 and choose n € N such that exp(—n/3) < §. Now compute

H (JE(AZ)_I - (A[)_IJS)gHZLZ(Q)
<2 (Je(A) ™ = (A) ) £l pagg + 20 (e (A1) T = (A) ) 6@ = Pl e

< C((n62 + exp(=n /)1 f 1220, + [ (AL ™ = (A) TP llg = FI2aq,)

bounded

-1

< C(°8; +8)1gl72q,, + C8,
hence

sup [ (Je(4l) ™ = (A‘)_ng)gHiz(m < Cn*8? 4+ C5 + Cs,
el 20, <!

and therefore

limsup| (J; (A1) ™" — (A[)_l‘lg)||2£(L2(Qg),L2(Q)) s o

e—0

Since § > O is arbitrary, the result follows. [J

7. Behaviour of the semigroup

In this section we want to give an application of Theorem 3.1. In particular, we focus on the non-
selfadjoint operator A, and study the large-time behaviour of its semigroup. In order to do this, we shall
first study the numerical range of the Robin Laplacians more closely. In the remainder of this section,
unless otherwise stated, the symbols ||-|| and (-, -) will denote the L? (operator-) norm and scalar product,
respectively, and the symbol X, denotes a sector of half-angle 6 in the complex plane.

7.1. Decay of e 'A"~1d

Let « € C and assume Rea > 0. We want to study the decay properties of the heat semigroup
e'(A=Ha) To this end, let us denote by B* := A* — Id the Robin Laplacian on Q. It is our goal to derive
estimates on the numerical range of B*. Letu € D(B*) = D(A”) and assume that |[u|| ;2o = 1. Notice
that

(B“u,u):/ |Vu|2dx—|—uaf |u|2dx+a/ ul*dS
Q Q Q2

2 2
= ”vu” +/’La +O{||M||L2(3Q),
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Im(pa) + 3/ ...............

Fig. 2. The sector of decay and angle 6, for B%.

and therefore

Re(Bu, u) > Re iy + Reallu725q),

[Im(Bu, )| < |Im o] + | Imal|ull72 o)
Now, let & € (0, Re i) and compute

[im((B* — A)u, u)] < [1m pro| + [ Tmer|u 22,0,

| Im g4 | | Imo|
= Repy + ——
Re 11y Rea

Realul, (7.1)

0Q)°

Recall from Section 1 that p, = aS;/2¢ and hence |Im 1|/ Re 1, = |Ima|/Re . Combining this
with (7.1), we obtain (cf. Figure 2)

o | Im |
[m((B = 2)u, u)] < 2— (Re it + Reallul72 (50
| Im | «
< Rea (Re((B* — A)u, u)+ 1)
| Imo|
< —————Re((B* — A)u, u).
Rea = o Rel(E" =R

Using standard generation theorems about analytic semigroups, the next statement follows.

Proposition 7.1. The operator —(B® — 1) generates a bounded analytic semigroup in the sector £z _,,
where

| Im |
0, = arctan — |

Rea—m
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Equivalently, — B* generates an analytic semigroup with
Hexp(—zBo‘) H <exp(—Az) Vz € Xz .
Proof. See [6, Ch. IX.1.6]. O
7.2. Decay of e !(A: 1
In this section we denote By := A% — Id. By calculations analogous to the above, we have

| Tm |

Im(B%u, u)| < Re(B%u, u),
£ £

Rea

that is, B is sectorial with sector Xg,, where 6y = arctan(| Im «|/ Re r), and hence generates a bounded
analytic semigroup in the sector Xz _g,. In this subsection we improve this a priori result using spectral
convergence. To this end, let § > 0 and define the compact set

Ks:={x+iy:x €[0,Re ], y € [~Im pql, [ Tm pal]}.

Note that then ¥y, N {Rez < Re pug — 6} C K. By [4, Th. 111.2.3] one has K5 C p(B?) for every § > 0.
Applying Corollary 3.3 we see that for every § > 0 there exists a &y > 0 such that Ks C p(BY) for all
& < &p.

In particular we have shown that the resolvent norm [[(B — z)~!| is bounded on %4 N {Rez <
Re u, — 8}. By a trivial calculation analogous to the previous subsection this leads to the following
statement.

Lemma 7.2. For every A € (0, Re i, — 8) one has
« 5 | Tm pee |
O'(BE - )») C 2 0, = arctan| —— ].

Furthermore, we obtain the following lemma.

Lemma 7.3. For every A € (0,Re uy — §) one has C \ Egis C p(BY — A) and there exists a M =
M (A, 8) > 0 such that

(B =»—2)7" <% Vz € C\ Zy.

Proof. This is obtained by combining Lemma 7.2 with the following two facts:

| Im o |

Im(Bu, u)| < Re(Béu,u), (B —2)7'| <C onKs. B

Rea

By the theory of analytic semigroups (cf. [6, Ch. IX.1.6]), we immediately obtain the following corol-
lary.
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Corollary 7.4. Forall 1 € (0, Re py —§), the operator BY — A generates a bounded analytic semigroup
in the sector DIESIE

This yields the main result of this section, as follows.

Theorem 7.5. For every § > 0 there exists g > 0 such that for every » € (0,Re u — &) there exists
M > 0 such that

Hexp(—ng)” < Mexp(—ARez) Vze Egis, g € (0, g).

Remark 7.6. It is straightforward to repeat the above proof for the case of Dirichlet boundary conditions
to obtain an analogous result for || exp(—t(AP — Id))|. Here, the selfadjointness of AP allows us to
choose the half-angle 6 arbitrarily close to 7 /2.

8. Conclusion

We have shown norm-resolvent convergence in the classical perforated domain problem with Dirich-
let boundary conditions which has the interesting implication of spectral convergence (Cor. 3.3).
Some questions remain open and will be addressed in the future. While the norm |J.A;' —
AL L(L2(9.).L2()) converges to 0, it is not clear from our method of proof how fast this happens.
It would be desirable to obtain a precise convergence rate. In the case of Dirichlet boundary conditions
a explicit convergence rate has been found by [10]. Another interesting question is whether in the case
Q = R there exist gaps in the spectrum of A, and how these depend on . The existence of spectral
gaps has been confirmed in two dimensions [9], but to the authors’ knowledge the higher-dimensional
case is still open.
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