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Abstract. In this paper, we consider argumentation frameworks with sets of attacking arguments (SETAFs) due to Nielsen
and Parsons, an extension of Dung’s abstract argumentation frameworks that allow for collective attacks. We first provide a
comprehensive analysis of the expressiveness of SETAFs under conflict-free, naive, stable, complete, admissible, preferred,
semi-stable, and stage semantics. Our analysis shows that SETAFs are strictly more expressive than Dung AFs. Towards a
uniform characterization of SETAFs and Dung AFs we provide general results on expressiveness which take the maximum
degree of the collective attacks into account. Our results show that, for each k > 0, SETAFs that allow for collective attacks of
k + 1 arguments are more expressive than SETAFs that only allow for collective attacks of at most k£ arguments.
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1. Introduction

Abstract argumentation frameworks (AFs) as introduced by Dung in his seminal paper [6] are a core
formalism in formal argumentation and have been extensively studied in the literature. A popular line
of research investigates extensions of Dung AFs that allow for a richer syntax (see, e.g. [3]). In this
work we consider frameworks with sets of attacking arguments (SETAFs) as introduced by Nielsen
and Parsons [16] which generalize the binary attacks in Dung AFs to collective attacks such that a
set of arguments B attacks another argument a but no proper subset of B attacks a. Figure 1 shows an
example SETAF with three arguments a, b, and c. Each argument is jointly attacked by the two remaining
arguments; in other words, the set {a, b} attacks c, {a, c} attacks b and {b, c} attacks a. Having only these
three attacks indicates that a alone (and likewise b alone) is too weak to attack c, etc.

Standard semantics (i.e., admissible, complete, grounded, stable, preferred) for SETAFs have been
defined in [16]. The crucial step towards these definitions is to fix the notion of conflict for SETAFs.
In our example, S = {a, b} is a conflict-free set since b — although being attacked by {a, c} — is not
attacked by a alone (or by {a, b}), and likewise b is not attacked by a or {a, b}. {a, b, c}, on the other
hand, is conflicting in this example. The definition of the actual semantics is then quite straight forward.
For instance, stable semantics are defined according to the standard definition by Dung, i.e. are given by
conflict-free sets that attack all remaining arguments. In our example, we have that the conflict-free sets
{a, b}, {a, c}, and {b, c} satisfy this requirement and these three sets are indeed the stable extensions of
this example SETAF. Building on the work of [16], Dvorak et al. [11] recently introduced semi-stable
and stage semantics for SETAFs. The semantics as proposed in [11,16] make SETAFs a conservative
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Fig. 1. An example SETAF.

generalization of Dung AFs in the sense that a SETAF that has only simple attacks is evaluated the same
way as the corresponding Dung AF.

As illustrated in [16], there are several scenarios where arguments interact and can constitute an attack
on another argument only if these arguments are jointly taken into account. Representing such a situation
in Dung AFs often requires additional artificial arguments to “encode” the conjunction of arguments.
This is also observed in a recent comprehensive investigation on translations between different abstract
argumentation formalisms [17]. There, it is shown that SETAFs allow for more straightforward and
compact encodings of support between arguments than AFs do. Also a recent paper [27] observes that for
particular instantiations, SETAFs provide a more convenient target formalism than Dung AFs. However,
to the best of our knowledge, there has not been a thorough investigation to which extent the concept of
collective attacks increases the expressiveness of SETAFs compared to Dung AFs.

Characterizations and comparisons of the expressiveness of argumentation formalisms (and non-
monotonic formalisms in general) have been identified as a fundamental basis in order to understand
the different capabilities of formalisms [7,8,15,19,20]. A successful notion to compare the expressive-
ness of argumentation formalisms is the notion of the signature [7] of a formalism w.r.t. a semantics o,
that is the collection of all sets of o-extensions that can be expressed with at least one argumentation
framework. There exist exact characterizations for most of the semantics for Dung AFs [7] and Abstract
Dialectical Frameworks (ADFs) [18-20]. As already observed by Polberg [17] collective attacks allow
to enforce certain sets of extensions that cannot be obtained with Dung AFs. This is easily illustrated by
our example SETAF from Fig. 1 for which we already reported its stable extensions being {a, b}, {a, c}
and {b, c}. However, there is no Dung AF that exactly has these three sets as its stable extensions; in
other words, the collection {{a, b}, {a, c}, {b, c}} is not contained in the signature of stable semantics for
Dung AFs. The reason is the limitation of attacks. In order to make {a, b} stable in a Dung AF, we need
to attack the remaining argument c either via attack (a, c) or via attack (b, c). However, with the former
attack {a, c} cannot be stable and with the latter {b, c} cannot be stable in such an AF.

Besides such basic observations, no general characterizations of the signatures for SETAFs have been
presented so far, and thus the precise differences in expressiveness to Dung AFs and ADFs are still
unclear. In particular, we are interested in questions like this: given an arbitrary set S of extensions that
is incomparable (i.e. for each S, §" € S, § C §" implies § = §’), does there exist a SETAF such that its
preferred (naive, stable, semi-stable, stage) extensions are exactly given by S?

In this work we answer such questions by investigating the signatures of SETAFs for conflict-free,
naive, stable, complete, admissible, preferred, semi-stable and stage semantics. Moreover, we investigate
whether the maximum degree of joint attacks (throughout the paper, we refer to the cardinality of the
set of arguments attacking another argument as the degree of the attack) affects the expressiveness of
SETAFs. For this purpose, we also study the classes of k-SETAFs (k > 1) where attacks are restricted
to degree at most k (the example SETAF in Fig. 1 is thus a 2-SETAF but not a 1-SETAF; 1-SETAFs in
fact coincide with Dung AFs).

The main contributions of our work are as follows.
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Fig. 2. Summary of results: the Venn diagrams illustrate the relations between the signatures of the different semantics in AFs
(21), SETAFs (£2°), and SETAFs with attacks of degree at most k (Z¥).

e In Section 3 we provide full characterizations of the extension-based signatures of SETAFs for the
semantics under consideration (cf. Main Theorem 1). By that we characterize the exact difference
in expressiveness between Dung AFs and SETAFs when considering extension-based semantics.

e In Section 4 we provide characterizations of signatures for k-SETAFs (cf. Main Theorem 2). Our
results show that the degree of the allowed attacks is crucial for the expressiveness. That is, k-
SETAFs form a strict hierarchy of expressiveness when considering different values for k, with
k = 1 covering the case for Dung AFs and unbounded & the case for general SETAFs.

Our results confirm that the notion of collective attacks is indeed quite powerful. In particular, the
question mentioned above can be positively answered: each incomparable set can be realized by pre-
ferred, naive, stable, semi-stable, and stage semantics, thus showing that the signatures of these five
semantics coincide for SETAFs. However, this only holds if we do not bound the maximum degree
of collective attacks. Another interesting finding is that — in contrast to Dung AFs — the signature of
conflict-free sets is not included in the signature of admissible sets; in other words there exists a set S of
extensions for which we can find a SETAF that has S as its conflict-free sets, but there is no SETAF that
has S as its admissible sets. This observation is already true for 2-SETAFs. These main results are illus-
trated in Fig. 2 where the relation between signatures ¥ is highlighted, thus comparing the landscape
for AFs (E;), k-SETAFs for given k > 2 (2§), and unbounded SETAFs (X.°).

From a more general perspective, our results clarify the impact of generalizing the concept of attack
in terms of the extensions such formalisms can jointly deliver. We also conclude that the concept of
collective attack already yields a maximal impact in this sense: preferred and other semantics already
are capable of realizing any incomparable set. We believe that results of this kind yield further insight
in the inherent nature of argumentation semantics studied and thus contribute to the fundamentals of
abstract argumentation.

A preliminary version of this paper was presented at COMMA 2018 [10]. Beside giving full proofs,
detailed discussions and examples, the present paper extends the conference version by extending the
results to semi-stable and stage semantics and also incorporates fundamental results on these semantics
that where presented in a workshop paper [11]. Another addition concerns results for the signature for
k-SETAF under complete semantics.
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2. Preliminaries

We first introduce formal definitions of argumentation frameworks following [6,16] and then recall
the relevant work on signatures.

2.1. Argumentation frameworks with collective attacks

Throughout the paper, we assume a countably infinite domain 2l of possible arguments.

Definition 1. A SETAF is a pair F = (A, R) where A C 2 is finite, and R € (24 \ {#J}) x A is the
attack relation. For an integer k > 1, a k-SETAF is a SETAF (A, R) where for all (S, a) € R, we have
|S] < k. The collection of all SETAFs (resp. k-SETAFs) over 2 is given as AFy (resp. AF' g‘).

We shall call 1-SETAFs, i.e. SETAFs that only allow for binary attacks, Dung argumentation frame-
works (AFs) as they are equivalent to the AFs introduced in [6].

Definition 2. Given a SETAF (A, R), we write § >3 b if there is a set 8’ C S with (8',b) € R.
Moreover, we write S’ > S if S’ >y b for some b € S.! We drop subscript R in >y if there is no
ambiguity. For S C A, we use S; to denote the set {b | S > b} of argument attacked by S (in R), and
define the range of S (w.r.t. R), denoted S¢, as the set S U S

Example 1. Recall the framework from the introduction, with arguments a, b, ¢ where each pair of
arguments jointly attacks the remaining argument. This is modeled by the SETAF (A, R) with arguments
A = {a, b, c} and attacks R = {({a, b}, ¢), ({a, c}, b), ({b, c}, a)}. In fact, this SETAF has been already
presented in Fig. 1. Note that we have that {a, b} +> c but neither {a} > ¢ nor {b} >y c for this
SETAF. On the other hand {a, b, ¢} — g ¢ indeed holds.

The notions of conflict and defense naturally generalize to SETAFs.

Definition 3. Given a SETAF F = (A, R), aset S C A is conflicting in F if S >y a for some a € S.
A set S C A is conflict-free in F, if S is not conflicting in F, i.e. if §’ U {a} 52 S for each (S, a) € R.

Definition 4. Given a SETAF F' = (A, R), an argument a € A is defended (in F) by aset S C A if for
each B C A, such that B >y a, also S +>x B. A set T of arguments is defended (in F) by S if each
a € T is defended by S (in F).

The notion of defense can be equivalently characterized as follows: an argument a € A is defended
by aset § C A if for each (B, a) € R we have S — B.

Next, we introduce the semantics we study in this work. Besides conflict-free and admissible sets,
these are the naive, stable, preferred, complete, grounded, stage, and semi-stable semantics, which we
will abbreviate by naive, stb, pref, com, grd, stage, and sem, respectively. All semantics except semi-
stable and stage are defined according to [16], while semi-stable and stage are straight forward gener-
alizations of the according semantics for Dung AFs [4,21], which have been independently proposed in
[11,13]. For a given semantics o, o (F) denotes the set of extensions of F under o.

I'This way of lifting attacks to sets of arguments is characteristic for SETAFs and crucial in the definition of the notion of
defense. The fact that it suffices to attack one argument to attack a set reflects the conjunctive nature of collective attacks.
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Definition 5. Given a SETAF F = (A, R), we denote the set of all conflict-free sets in F as c¢f (F).
S € ¢f (F) is called admissible in F if S defends itself in F. We denote the set of admissible sets in F
as adm(F). For a conflict-free set S € ¢f (F), we say that

S € naive(F), if thereisno T € ¢f(F)with T D S,

S e sth(F),if S+— aforalla e A\ S,

S € pref(F),if S € adm(F) and thereisno T € adm(F) st. T D S,
S e com(F),if S € adm(F) and a € S for all a € A defended by S,
Se gl’d(F), if § = mTecum(F) T’

S € stage(F), if AT € cf (F) with TZ > S%, and

S € sem(F), if S € adm(F) and 3T € adm(F) s.t. TZ O SE.

As shown in [16], most of the fundamental properties of Dung AFs extend to SETAFs. In particular,
Dung’s fundamental lemma generalizes to SETAFs in the following way.

Lemma 1 ([16]). Given a SETAF F = (A, R), a set B C A, and arguments a, b € A that are defended
by Bin F. Then (a) B U {a} is admissible in F and (b) B U {a} defends b in F.

The following result is in the spirit of Dung’s fundamental lemma and is used later.

Lemma 2. Given a SETAF F = (A, R) and two sets S, T C A. Ifboth S and T defend itselfin F, then
S U T defends itselfin F.

Proof. Towards a contradiction assume that S U T does not defend itself, i.e. there exists a set B C A
with B — (S U T) such that (SU T) & B. Consider B — S. Since (SUT) A B also S v/ B and
thus S does not defend itself in F which is a contradiction to the assumption. The case where B — T
behaves symmetrically. [J

The relationship between stable, preferred, complete, admissible, conflict-free and naive semantics
has already been clarified in [16] and matches with the relations between the semantics for Dung AFs,
i.e. for any SETAF F,

stb(F) C pref(F) € com(F) C adm(F) C ¢f (F)
and
stb(F) C naive(F) C cf (F).
Moreover, the grounded extension is the unique minimal complete extension for any SETAF F.
We quickly clarify the relation of semi-stable and stage semantics to the other semantics; all the proofs
are straightforward adaptations of the corresponding proofs in Dung AFs.

Lemma 3. stb(F) C sem(F), for any SETAF F.

Proof. Consider a SETAF F = (A, R). By the above we have that each stable extension E of F is
also preferred and thus admissible in F. As E is stable we have that E€ = A and thus there cannot be
another admissible set D of F' with E;‘; - D;‘?. Hence E € sem(F). O
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Lemma 4. stb(F) C stage(F), for any SETAF F.

Proof. Consider a SETAF F = (A, R). By definition, we have that each stable extension E is conflict-
free. As E € stb(F) we have that E;‘? = A and thus there cannot be another conflict-free set D of F
with E¢ € DY. Hence E € stage(F). 0

Lemma S. sem(F) C pref (F), for any SETAF F.

Proof. Consider a SETAF F' = (A, R). Towards a contradiction assume there is a semi-stable extension
E of F that is not preferred. Then there is a preferred extension D of F with E C D. Let x € D such
that x ¢ E and E /4 x (otherwise there would be a conflict in D). As the range operator ® is monotone
by definition, we have EY € DY and as x ¢ EY we obtain that EY C D%. Hence, E ¢ sem(F), a
contradiction to our initial assumption. [

Lemma 6. stage(F) C naive(F), for any SETAF F.

Proof. Consider a SETAF F = (A, R). Towards a contradiction assume there is a stage extension £ of
F that is not naive. Then there is a naive extension D with E C D. Let x € D such that x ¢ FE and
E /& x. As the range operator ® is monotone by definition we have EE € DY and as x ¢ EF we
obtain that E;‘; C D%. Hence, E ¢ stage(F), a contradiction to our initial assumption. [J

We are thus able to complete the picture on the relationship between the semantics as follows. For
every SETAF F, we have

stb(F) S sem(F) < pref (F) S com(F) < adm(F) < c¢f (F) (1
and
stb(F) C stage(F) C naive(F) C c¢f (F). )
Moreover, the following property carries over from Dung AFs.
Lemma 7. For any SETAF F = (A, R), if stb(F) #£ 0 then stb(F) = sem(F) = stage(F).

Proof. Consider a SETAF F = (A, R) with stb(F) # (). First consider stage semantics. As each
stable extension is stage as well (cf. Lemma 4), we have that the range of each stage extension must
be A (by the range maximality condition) and thus each stage extension is a stable extension. Hence,
stb(F) = stage(F). Now consider semi-stable semantics. As each stable extension is semi-stable as well
(cf. Lemma 3), we have that the range of each semi-stable extension must be A (by the range maximality
condition) and thus each semi-stable extension is a stable extension. Hence, stb(F) = sem(F). O

2.2. Signatures
The concept of signatures of argumentation semantics was introduced in [7] to characterize the ex-

pressiveness of Dung AFs and has been extended to other argumentation frameworks [19,20]. Signatures
characterize all possible sets of extensions, argumentation frameworks can provide for a given semantics.
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Definition 6. Let k > 1 be an integer. The signature = of a semantics o for k-SETAFs is defined as
= {o(F) | F € AFy}.

For unrestricted SETAFs we use £° = {0(F) | F € AFg}. For S € =¥ (resp. S € £%°) we say that S
can be realized by k-SETAFs (resp. by SETAFs) under o.

We require some further technical notions.

Definition 7. Given S C 2%,

e we use Argss to denote | Jg g S, and
e call S an extension-set (over 21) if Argsg is finite.

As only extension-sets can appear in the signature of a semantics we will tacitly assume that all sets S
in our characterizations are extension-sets. Further, the arguments in Argsg must be part of any SETAF
realizing the extension set S.

For characterizing the signatures we make frequent use of the following concepts.

Definition 8. Given S C 2% and E C Argsg, we define

(a) the downward-closure of S as dcl(S) ={S' C S| S € S};
(b) the set of potential conflicts in S as PAtts = {S C Argsg | S ¢ dcl(S)};
(c) the completion-sets of EinSas Cs(E) ={Se€S|ECS,3S eS,ECS CS).

The downward-closure considers all subsets of sets in the extension-set. The set PAtfg list all attacks
between arguments in Argsg that do not add a conflicts within sets S € S. As all the semantics under
our considerations are based on conflict-freeness this provides an upper bound on the attacks between
arguments in PAtfs we can use in our constructions. Finally, the completion sets for E are the subset
minimal sets S € S that contain E. In particular, if E € S then E itself is the only completion set of E.

Example 2. Let S = {{a, b}, {a, c}, {b,c}}. We have Argss = {a,b,c} and dci(S) = S U
{{a}, {b}, {c}, ¥}. Furthermore, we have PAtts = {{a, b, c}}, for E = {a}, Cs(E) = {{a, b}, {a, c}},
and for E' = {a, b, ¢}, Cs(E’) = 0.

Definition 9. Let S € 2%, We call S

o downward-closed if S = dcl(S);

e incomparable if all elements S € S are pairwise incomparable, i.e. for each §, 8 € S, § C §
implies § = §';

e tightif forall S € S and a € Argsg it holds that if S U {a} ¢ S then there exists an s € § such that
{a, s} € PAtts;

e conflict-sensitive if for each A, B € S such that AU B ¢ S it holds that 3a,b € AU B : {a, b} €
PAtts;

e com-closed if for each T C S: if {a, b} ¢ PAtts for each a, b € Argsy, then Argsy has a unique
completion-set in S, i.e. |Cs(Argsy)| = 1.

Example 3. Let S = {{a, b}, {b, c}}. Hence, PAtty = {{a, c}, {a, b, c}}. We observe that S’ is incom-
parable; moreover, S’ is tight: for S = {a, b} and argument ¢, we have a € S and {a, ¢} € PAtty; for



198 W. Dvoridk et al. / On the expressive power of collective attacks

»l P

stage pref

B B

com adm

1
L qon  Dhaive
¢ L\ T,

Fig. 3. Relations between signatures in Dung AFs (cf. Theorems 1 & 2).

T = {b, c} and argument a, we have ¢ € T and again {a, c} € PAtty. Likewise, it can be checked that S’
is conflict-sensitive since a € S, c € T and {a, ¢} € PAtty.

If weextend S' to S = {{a, b}, {a, c}, {b, c}}, one can check via the properties listed in Example 2 that
S is neither tight nor conflict-sensitive. In anticipating the forthcoming result, this shows that S is not part
of the signature of stable semantics for Dung AFs (the same is true for preferred and other incomparable
semantics); an observation we already sketched in the introduction.

The main results for Dung AFs are summarized in the following theorem.
Theorem 1 ([7]). Characterizations of the signatures for Dung AFs are as follows:
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T = {S 1151 =1}
DI S#0|Si
com S 1S # 0 | Sis com-closed and ﬂ SeS
Note that the result for complete semantics does not yield an exact characterization. We will provide
the exact characterization (which is not relevant for the upcoming section) later in Section 4.

The characterizations of Theorem 1 also allow to investigate the relations between signatures of dif-
ferent semantics. The relations between these signatures are also illustrated in Fig. 3.
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3. Signatures of SETAFs with unrestricted collective attacks

In this section we give full characterizations of the SETAF signatures for the semantics under consid-
eration. First, we consider grounded semantics. Grounded semantics, in SETAFs as well as in AFs, is a
unique status semantics, i.e. it always yields a unique extension. Consequently, grounded semantics can
only realize extension-sets that contain exactly one extension.

Proposition 1. E;’fd = Zgrd = {S | |S| = 1}, for any integer k > 1.

Proof. The grounded semantics always proposes a unique extension. An extension-set S = {S} can be
realized by the SETAF with arguments S and no attacks, i.e. by the SETAF (S, ¢). O

That is for grounded semantics the signatures for AFs and (k-)SETAFs coincide. We continue with
the signatures of stable and preferred semantics.

3.1. Signatures of stable and preferred semantics

For both semantics we have that an extension cannot be a subset of another extension and thus the
extension-sets of these semantics are incomparable. With the following construction we show that, in
turn, each incomparable extension-set S can be realized under stable and preferred semantics.

Definition 10. Given an incomparable extension-set S containing at least one non-empty set we define
the SETAF F$ = (Argss, RE") with R® = {(S,a) | S €S, a € Argsg \ S}.

We first prove the desired result for stable semantics.
Proposition 2. X5 = {S | S is incomparable}.

Proof. First, as stb(F) C pref (F) and the latter is incomparable by definition we have that also stb(F)
is incomparable for any SETAF F.

For S = @ we can use the SETAF Fj; = ({a}, {({a}, a)}) with stb(Fyz) = @, and for S = {} we can
use the empty SETAF Fiyy = ({}, {}) with stb(Fy) = {#}. Given an incomparable set S containing at
least one non-empty set, we make use of the SETAF FSS”’ , cf. Definition 10, and show that stb(FS”b ) =S.

stb(FS”b) D S: Consider S € S. For each a € Argsg \ S, we have (S,a) € Ré’b by construction.
Moreover, as S is incomparable, we cannot have (5, a) € Ré”’ with §” C S and a € S. Hence, S is
conflict-free in ™ and thus S € sth(F™).

stb(Fg’b) C S: Consider S € Argsg, such that S ¢ S. First, if there is an E € S such that £ C S then
for each argumenta € S\ E we have (E, a) € Ré’b and thus S attacks itself in FSS’b . Hence, such an S is
not stable. Alternatively, if there is no £ € S such that E C S then (a) S does not attack any argument
and (b) there is an argument a € E that is not contained in S. Hence, § is not stable in FS”I’ either. [

We continue with preferred semantics. By definition the set of preferred extensions is incomparable.
We show that being incomparable is also sufficient for an extension-set S to be realizable under preferred

semantics.

Proposition 3. X7 . = {S # # | S is incomparable}.
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Proof. First, pref (F) is incomparable and non-empty by definition (for any SETAF F).

For realizing S = {#}, consider the SETAF Fiy = ({a}, {({a}), a}). We have pref (F) = {0} as
required. For realizing an incomparable set S containing at least one non-empty set, we again consider
the SETAF Fg? (cf. Definition 10). We show that pref (F5") = S.

pref (FS”b ) 2 S: Consider S € S. As shown in the proof of Proposition 2, S € stb(FS”b ). By Rela-
tion (1), S € pref (F£®) follows.

pref (F&®) C S: Consider S C Argsg, such that S ¢ S. First, if there is an E € S such that E C S,
then there is an argument a € S \ E such that (E, a) € Rg”’ and thus § attacks itself in Fg”b . Hence,
S & pref (Fss’b ). Thus let us consider the case where there is no £ € S such that £ C §. Then S does not
attack any argument. Notice that by construction all arguments, except those arguments contained in all
sets S € S (we call them skeptically accepted arguments), are attacked by at least one set § € S. If S
contains an argument that is not skeptically accepted, S cannot be admissible in Fg’b as it is attacked and
has no outgoing attacks. On the other hand side if S only contains skeptically accepted arguments then
it is a strict subset of some set in S and thus cannot be C-maximal among the admissible sets of FZ™.
Thatis, S ¢ pref(Fi?). O

The following theorem summarizes the results we have obtained so far.

Theorem 3. We have X3, = {S | S is incomparable} and 7. = 5, \ {4}

This characterization shows that SETAFs are strictly more expressible than AFs for stable and pre-
ferred semantics. While for AFs we require the extension-set S to be tight in order to be realizable
under stb and conflict-sensitive to be realizable under pref, we can realize with SETAFs any extension-
set S that is just incomparable. We already have illustrated this fact in Example 3. Note that for
S = {a, b}, {a, c}, {b, c}}, the SETAF Fs“” yields exactly the framework in our previous examples.

Remark 1. Interestingly X7 coincides with the stable signature for bipolar abstract dialectical frame-
works (BADF) [19, Thm. 22]. That is, although BADFs allow for strictly more notions of attacks and
even allows for support it does not provide more expressiveness than SETAFs when using stable seman-
tics. It is worth to mention that when realizing an extension-set with the construction of [19, Thm. 22]
one obtains a BADF whose acceptance conditions are all anti-monotonic, i.e., when the condition holds
for a model S C A then it holds for each model S’ C S as well, and one can show that such an BADF
can always be transformed into an equivalent SETAF (a similar observation is made in [26]).

3.2. Signatures of conflict-free and naive semantics

We next consider conflict-free and naive semantics. The characteristics of conflict-free sets is that
each subset is again conflict-free. We will show that this property which is captured by the notion of
downward-closure is also sufficient to realize an extension-set with a SETAF via its conflict-free sets. We
again start by defining a SETAF construction, which is a slight refinement of the one from Definition 10.?

Definition 11. Given a non-empty extension-set S, let F{ = (Argss, RY) be the SETAF with RY =
{(S,a) | S €S, a e Argsg, SU {a} € PAtts}.

2We note that for any incomparable extension-set S, Féf = Fé’b .
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The conflict-free sets of FSCf ' enjoy the following property which we will exploit for the characteriza-
tions of the signatures of conflict-free and naive semantics.

Lemma 8. For each extension-set S, it holds that cf (FSCf ) = dcl(S).

Proof. Let us show first that cf (FSCf ) D dcl(S). Pick any S € dcl(S) and any attack (S, a) € Rg . By
construction, we have that (S" U {a}) € PAtts, and thus, (S’ U {a}) € S. That is, S is conflict-free in Fgf
and therefore ¢f (FS) 2 del(S).

Let us show now that cf (FSCf) C dcl(S) also holds. Pick S ¢ dcl(S), i.e., S € PAtts, a subset maximal
set S' € {E € S| E C S}, and some argument a € S \ §’. Then, by construction (S’, a) € R and, thus,
S is not conflict-free in FS‘f . O

Proposition 4. X7 = {S #£ @ | S is downward-closed}.

Proof. By definition, if a set is conflict-free then all its subsets are conflict-free as well. Thus, we have
that ¢f (F) is downward closed for all SETAFs F. This shows the C-relation of the claim. For the 2-
relation, let S be a non-empty and downward-closed extension-set. By Lemma 8 we have cf (FSCf ) =
del(S) and thus also ¢f (F{) =S. O

Proposition 5. X%, = {S £ @ | S is incomparable}.

naive

Proof. For the C-relation of the assertion, recall that, by definition, a set is naive if it is maximal conflict-
free. Thus, we have that naive(F') is incomparable for all SETAFs F.

For the D-relation, given an incomparable extension-set S, we consider the SETAF Fgff (see Defini-
tion 11). We show that naive(FSCf ) = S. By Lemma 8 we have cf (FSQ" ) = dcl(S). As S contains exactly
the C-maximal elements of dcl(S) and the naive extension of FSCf are the C-maximal elements of cf (stf )

. . cf _
we obtain naive(Fg' ) =S. U

The following theorem summarizes the characterizations of this subsection.

Theorem 4. We have

° Eg? = {S # @ | S is downward-closed} and

o X =S #W|Sisincomparable}.

In contrast, for realization with AFs and ¢f we require S to be tight and downward-closed and for
naive we require that S is incomparable and that dcl(S) is tight.

Example 4. Consider the downward-closed extension-set S’ = {@, {a}, {b}, {c}, {a, b}, {b, ¢}, {a, c}}.
As §' is not tight there is no AF F with ¢f (F) = S/, cf. Theorem 1. It can be checked that the SETAF
({a, b, ¢}, (({a, b}, ¢), {a, c}, b), ({b, c}, a)) of our running example matches FSCf as specified in Defi-
nition 11, and we have cf(FCf) = §'. Also note that for S = {{a, b}, {b, ¢}, {a, c}}, we have dcl(S) = §
and naive(FLf) =S.
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3.3. Signatures of semi-stable and stage semantics

Semi-stable and stage semantics are both based on the maximality of the range of their extensions. It
thus turns out that we can reuse the construction from Definition 10.
Proposition 6. X°° = (S # 0 | S is incomparable}.
Proof. By Lemma 5, sem(F) C pref(F) holds for each SETAF F, we have that each S € X, is

incomparable. Now consider a non-empty incomparable extension-set S. By Proposition 2 there is a
SETAF F with stb(F) = S and as S is non-empty, by Lemma 7, we also have sem(F) =S. [

Proposition 7. ¥ = {S # @ | S is incomparable}.

stage

Proof. By Lemma 6, for each SETAF F, stage(F) C naive(F). We thus have that each S € ES"tflge
is incomparable. Now consider a non-empty incomparable extension-set S. By Proposition 2 there is a

SETAF F with stb(F) = S and as S is non-empty, by Lemma 7, we also have stage(F) =S. [
The following theorem summarizes these easy results.

Theorem 5. We have X° = X° = {S # 0 | S is incomparable}.

stage sem

Together with the previous results, it turns out that for SETAFs the expressibility of naive, preferred,
semi-stable, and stage semantics coincides. Moreover, stable semantics only differs w.r.t. the empty set
of extensions. Hence, for all these semantics SETAFs are strictly more expressible than AFs. In fact,
they are all maximal expressible if we require incomparability of extensions.

It remains to provide the SETAF signatures for admissible and complete semantics. As we will see,
in contrast to AF signatures (where we have ¥ le c 2!, T is not a superset of 2 - Moreover, for

adm
complete semantics, we can find a concise characterization by generalizing the notion of com-closed.

3.4. Signature of admissible semantics

In order the characterize the signature of admissible semantics in SETAFs we first generalize the no-
tion of an extension-set being conflict-sensitive (cf. Definition 9) to SETAFs. That is, instead of requiring
that if two sets A, B in the extension-set S whose union A U B does not appear in S allow for a binary
conflict, we now only require that they allow for conflicts (A, b), (B, a) witha € A, b € B.

Definition 12. A set S C 2% is called set-conflict-sensitive if for each T, U € Ssuchthat T UU ¢ Sit
holds that Ju € U : T U {u} € PAtts.

Recall that all extension-sets realizable with the admissible semantics with Dung AFs are conflict-
sensitive (and contain the empty extensions). The next result generalizes this property to SETAFs.

Lemma 9. For any SETAF F, adm(F) is set-conflict-sensitive and contains .

Proof. Let F = (A, R) be a SETAF. First, notice that the empty set is always admissible in F. Next
assume there are two sets 7, U admissible in F such that the set C = T U U is not admissible in F'.
By Lemma 2 the set C defends itself against all attackers in F and thus C must be conflicting in F, i.e.
there exists an attack (B,a) € Rwith S C C anda € C.
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e If a € T then, as T is conflict-free in ', B N U # . Moreover, as T is admissible in F it has to
defend itself against (B, a), i.e. there is an attack (7', u) € Rwith T’ C T and u € B N U. Hence,
we have T’ U {u} € PAtt,gmr) and thus T U {u} € PAttygm(F)-

e If a € U then, as U is conflict-free in F', BN T # (§. Moreover, as U is admissible in F it has to
defend itself against (B, a), i.e. there is an attack (U’,t) € Rwith U’ C U andt € BN T. Now,
as T is admissible in F as well, there is also an attack (7', u) € Rwith 7' C Tandu € U' C U.
Hence, we have 7' U {u} € PAtt,4n(r) and thus T U {u} € PAttqm(r).

We obtain that adm(F') is set-conflict-sensitive. [

Furthermore, it turns out that S being set-conflict-sensitive (and containing the empty set) is also
sufficient for being realizable in SETAFs under admissible semantics. The forthcoming two propositions
give us some hint how to prove this claim: we reuse the conflict-free framework of Definition 11 and
combine it with a framework that realizes the union-closure of the extension-set, as defined next.

Definition 13. A set S € 2% is said to be union-closed if ¥ € S and each pair A, B € S satisfies
A U B € S. Let us denote by ucl(S) the C-minimal union-closed extension-set such that S C uci(S).

Proposition 8. Ler S be a set-conflict-sensitive extension-set that contains ). Then, we have that S =
del(S) N ucl(S).

Proof. Pick any set-conflict-sensitive S and let " = dcl(S) and S” = ucl(S). By construction, we have
that S’ is downward-closed, that S” is union-closed, that ¥ € ' N'S” and that S' N'S” D S. Hence, it
only remains to be shown that ' N'S” C S also holds. Suppose for the sake of contradiction that there
is some set C € (§'N'S")\S. Since C € S”\ S, by construction, C must be of the form C = | JT for
some T C S. W.l.o.g. we can assume that |T| = 2,i.e., C = SUT with S, T € S. Moreover, since S is
set-conflict-sensitive, C ¢ S implies that there is some b € T such that S U {b} € PAtrs. Furthermore,
since C € §/, there is also some S’ € S such that C C §’ and, thus, we have SU{b} C SUT C S which
is a contradiction. Hence, it must be that S NS”" € Sand S NS” =S hold. O

Proposition 9. Let F| = (A1, R)) and F> = (A,, R,) be two SETAFs and let S C (A1 N A») be a set of
arguments. Then,

(1) S is conflict-free in F1 U Fy = (A1 U Ay, Ry U Ry) iff S is conflict-free in both F| and F5; and
(2) if S is admissible in both F| and F, then S is admissible in F1 U F, = (A1 U Ay, R{ U Ry).

Proof. (1) Consider some S ¢ cf(F, U F,), i.e., there is an attack (A, b) € (R; U Ry) with AU {b} C S.
Hence, (A, b) € R; for some i € {1,2} and thus S ¢ cf(F;). For the reverse direction consider some
S ¢ cf (F;) for some i € {1, 2}, i.e., there is an attack (A, b) € (R;) with A U {b} C S. Then (A, b) €
Ry U R, and thus S ¢ cf (F1 U F>).

(2) First, note that if S is admissible in both F; and F>, it is also conflict-free in both F; and F>
and, by (1) this implies that S is conflict-free in F; U F,. Let us show us that S also defends itself in
Fy UF,. Pickany b € S and (A, b) € (R U R). Hence, (A, b) € R; for some i € {1, 2} and, since S
is admissible in both F; and F5, it follows that there isa C C S and a € A such that (C, a) € R;. That
is, for every argument b € S and attack (A, b) € (R; U R), there is some C € § and a € A such that
(C,a) € (R URy). Hence, S is admissible in F; U F,. [
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The next two lemmas analyze the SETAF stf from Definition 11 w.r.t. admissible semantics.

Lemma 10. Let S be a set-conflict-sensitive extension-set that contains ) and S C Argsg be some set of
arguments such that S =\ J T for some subset T C S. Then, we have that S € cf (Fgf ) implies S € S.

Proof. Consider such aset S = |JT with S € ¢f (FSCf ) and pick A € T such that [ JA € S and there
isno A" C T such that A C A’ and | JA’ € S. Note that such A always exists because | J# =¥ € S.
We also define A = [ J A. Towards a contradiction assume that A C T and pick any B € T\A. Then, by
construction, we have that A, B € S and that (A U B) ¢ S. Furthermore, since S is set-conflict-sensitive,
it follows that there is b € B such that (A U {b}) € PAtfs. This implies that there is an attack (A, b) € Rgf
and, thus, (A U {b}) ¢ cf (FSCf ). Finally, since (AU{b}) € (AUB) C S and c¢f (FSCf ) is downward-closed,
this implies S ¢ cf (stf ) which is a contradiction with the assumption that S € cf (Fgf ). Hence, it must
be that A = T and, thus, that A = § holds. Since A € S by construction, this implies S € S. [J

Lemma 11. Let S be a set-conflict-sensitive extension-set that contains ). Then, we have that S C
adm(FY).

Proof. Pick any set S € S, any argument a € S and any attack (5, a) € Rg. Then, (SUS’) ¢ S and,
since S, §" € S and S is conflict-sensitive, it follows that there is some b € S’ such that (SU{b}) € PAtts.
This implies that (S, b) € Rg and, thus, that S defends a against (S’, a) in FSC*f . Hence, S defends itself

against all attacks in Réf . O

Finally, we expand FSC'f . by additional arguments and attacks that ensure that only sets § € S are
admissible in the resulting SETAF F$%". In particular, for each argument @ we add an argument x, that
attacks a and itself, and is only attacked by sets S € S that contain a.

Definition 14. Given an extension S set we define FS“"I = (AX!, Rg”’) with

Agd = Argss U {x, | a € Argsg} and
Ré" = {(Ixa} a) | a € Argss} U {({xa}. xa) | @ € Argss} U {(S,x.) | S € Sanda € S}.

We then define F&4" = (A", Ry = (F§' U Fi.
We next illustrate the construction on an example

Example 5. Consider the extension-set S = {{, {a, b}, {a, c}}. We have Argss = {a, b, c} and we
add three additional arguments {x,, x,, x.}, one for each of the existing arguments. That is, Agd”‘ =
{a,b,c, x,, xp, x.}. Now we add attacks between arguments a, b, ¢ following the construction for
conflict-free semantics from Definition 11. That is we add the attacks Rg = {{a, b}, ¢), ({a, c}, b)}.
Now we have adm(Argss, Réf ) = {9, {a}, {a, b}, {a, c}}, that is we still have the unwanted extension
{a}. We now use the additional arguments {x,, x;, x.} to avoid such extensions. The arguments x; are
self-attacking, i.e. we have attacks {({x,}, X.), ({xs}, X3), ({xc}, x.)} in R““, and attack their correspond-
ing argument i, i.e. we have attacks {({x,}, a), ({x»}, b), ({x.}, ¢)} in Rgd , and are only attacked by those
sets S € S that contain i, i.e. we have attacks {({a, b}, x,), ({a, b}, x3), ({a, ¢}, x,), ({a, c}, x.)} in Rg”’.
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That is, R&"™ = {({xa}, xa), ({xs}, xp), ({xc}, x0), ({xa}, @), (x5}, B), (fxc}, ©), ({a, b}, ), ({a, b}, x4),
({a, b}, x3), {a, c}, b), {a, c}, x,), ({a, c}, x.) and we have adm(Agd’", Rgd’"} = {0, {a, b}, {a, c}} as
now {a} does not defend it self against the attack ({x,}, a).

With the following lemma we show that FS”‘" can realize ucl(S).

Lemma 12. For every extension-set S that is set-conflict-sensitive and contains @, we have that ucl(S) C
adm(F¥).

Proof. Let us first show that S C adm(F*'). Pick any A € S, a € A and (S,a) € Rgd. Then, by
construction, we have that § = {x,} and, since a € A, that (A, x,) € R, so A also defends itself
against all attacks in Rgd. Hence, we have that S C adm(FS“Cl). Picknow A, B € S. We already know that
A, B e adm(FS“‘") and, moreover, AU B defends itself in FS“‘" (Lemma 2). Furthermore, by construction,
there are no attacks between elements of A U B and thus AU B € adm(FS”C’). O

It remains to combine the results for the SETAFs Féf , Fg’;’d with Proposition 8 to arrive at the desired
characterization result.

Lemma 13. For every extension-set S that is set-conflict-sensitive and contains ), we have that
adm(ngm) =S.

Proof. From Proposition 8, we have that S = dcl(S) N ucl(S). Then, from Lemmas 11 and 12, we get
that S C adm( Fgf) N adm(FS“d). Furthermore, from Proposition 9, this implies that S € adm( ng'").

Let us show that aa’m(ngm) C S also holds. Pick any A € adm(FS“d’"). Then, for every argument a €
A, there is an attack ({x,}, a) € Rgdm by construction, and so there must be an attack (7, {x,}) € Rgd’”
with T, € A. Furthermore, by construction, we also have that 7, € Sanda € T,. Let T = {T, C
Ala € A} € Sand C = |JT. Then, we have that C = A and, from Lemma 10 and the fact that
A € adm(F§my C cf (F&™™) C cf(FS‘f ), it follows that, A € S. [

00
adm*

Now we can give an exact characterization of X

Theorem 6. X°°

oom = S # @ | S is set-conflict-sensitive and contains #}}.

Dung AFs require that an extension-set S is conflict-sensitive in order to be realizable under admis-
sible semantics. Being set-conflict-sensitive is a strictly weaker condition as illustrated in the following
example.

Example 6. Consider the extension-set S = {@,{a, b}, {b,c},{a,c}}. As {a,b,c} ¢ S but
{a, b}, {b, c} € S (and thus neither {a, c} € PAtts nor {b, c} € PAtts), the set S is not conflict-sensitive.
Thus, there is no Dung AF F with adm(F) = S. On the other hand, S is set-conflict-sensitive thanks to
{a, b, ¢} € PAtts. Indeed, one can verify that our running example SETAF F satisfies adm(F) = S.

On the other hand, the set " = {@, {a}, {b}, {c}, {a, b}, {b, ¢}, {a, c}} € Egﬁ’ from Example 4 is not
set-conflict-sensitive. Take A = {a} and B = {b, c}. Then A U B ¢ S’ but neither {a, b} € PAtty nor
{a, ¢} € PArty. Hence, by Theorem 6, there is no SETAF F with adm(F) = S'. This example also shows
that the converse of Proposition 8 does not hold and that satisfying S = dcl(S) N ucl(S) is a necessary,
but not a sufficient condition. Indeed, in our example we have dcl(S') = S, ucl(S") = S' U {{a, b, c}} and
S =dcl(S") Nucl(S).
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3.5. Signature of complete semantics

Finally, we consider the signature of complete semantics. First, recall that the completion-sets Cs(E)
of aset E C Argsg in S are the C-minimal sets § € S with E € S. Next we introduce the notion of an
extension-set to be set-com-closed which generalizes the concept of being com-closed from Definition 8
and allows for an exact characterization of the signature of complete semantics. The intuition is that if
we pick some elements from S then either the union of these sets has a unique completion or we can
draw an attack within this set.

Definition 15. A setS C 24 is called set-com-closed iff, foreach T, U C Swith T = Argsy, U = Argsy,

(1) ICs(TUU)| < 1, and
(2) if T, U € dcl(S) and |Cs(T U U)| = 0, then there is an argument u € U such that T U {u} € PAtts.

Intuitively the set of complete extensions is set-com-closed because whenever the union of some
complete extensions has no conflict, by Lemma 2, then this union is admissible and there is a unique
minimal complete extensions containing this admissible set. Moreover, the grounded extensions is the
intersection of all complete extensions and complete as well.

Lemma 14. For every SETAF F we have that (a) the extension-set com(F) is set-com-closed and (b)
() com(F) € com(F).

Proof. First, notice that () com(F) = grd(F) and as the grounded extension is complete we obtain (b).
In order to show (a) consider extension-sets T, U € com(F) and sets T = |JT, U = | JU such that
T,U € dcl(com(F)). From T, U € dcl(com(F)), it follows that T, U € c¢f(F) and from T = (JT,
U = |JU with T,U C com(F) it follows that T and U defend themselves. Hence, we get T, U €
adm(F). If in addition we have T U U € ¢f(F'), then by Lemma 2 we have that T U U € adm(F) and
thus by Lemma 1 there is a unique C-minimal complete extension E € com(F) with T UU C E, i.e.
|Ceompy(T UU)| = 1.If T UU ¢ cf(F) then there exists an attack (S,a) € R with § € T U U and
aeTUU.

e If a € T, as T is admissible, there is an attack (7', u) with 7" € T andu € S\ T C U. Thus,
T U{u} e PAllcom(F).

e Ifa € U, as U is admissible, there is an attack (U’, s) with U’ C U ands € S\ U C T.Now, as T
is admissible, there is an attack (7, u) with 7" C T andu € U’ C U. Thus T U {u} € PAtt.omr).

In both cases we have an u € U such that T U {u} € PAtt.qyr) and thus com(F) is set-com-closed. [

Our realization for complete semantics is based on the construction for the admissible semantics given
in Definition 14. First, given an extension-set S, by reduced(S) = {S\ (S | S € S}, we denote a reduced
extension-set whose corresponding ground extension is empty. Let S’ = reduced(S). We then realize
S* = dcl(S) NuclS) ={UT | T € S, JT € dcl(S')} and add further attacks such that each set
E € S* defends all arguments of the unique set in Cg(E). In the following we use Cs(E) to denote the
unique element of Cg(E) iff |[Cs(E)| = 1 and the empty set otherwise.

Definition 16. Given an extension-set S, let S’ = reduced(S) and S* = dcl(S') N ucl(S'). Then, by
Fo" = (ArgsgU Agﬁf’", RS™™) we denote a SETAF with RE™ = Rg‘f’" UR’ and where R’ = {(AUB, x,) |
A, BeS\{0},a e Cy(AU B)}.
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We next illustrate the above construction on an example.

Example 7. Consider the extensions set S = {{d}, {a,d}, {b,d}, {a, b, ¢, d}}. First we extract the
minimal extension {d} from S and obtain ' = reduced(S) = {0, {a}, {b},{a, b, c}} as well as
S* = {0, {a}, {b}, {a, b}, {a,b,c}}, ie., S* differs from S’ only by the extension {a, b}. In the
next step we build an SETAF that realizes S* under admissible semantics. Following the con-
struction of Definition 14 we get arguments A%™ = {a,b,c,x,, xp, X} and attacks RZ™ =
{({xa}, xa), ({xa}, @), ({xn}, x5), ({xp}, D), (fxc}, xc), ({xe}, ) YU{({a}, x0), (b}, x5), ({a, b}, x4), ({a, b},
xp), a, b, ¢}, x,), a, b, ¢}, xp), ({a, b, ¢}, x.)}. We now have that adm(Agff’", Rgf’") = S*. The only at-
tack added by R’ is ({a, b}, x.), which ensures that {a, b} is not complete as it defends c. Thus we have
com(Agi’m, Rgf’” U R’) = §'. Finally we also add the argument d to the SETAF (without any attacks)
and obtain that Fg™ = ({a, b, c,d, x4, xp, xc}, {({xa}, Xa), ({4}, @), ({xp}, x5), ({xp}, D), ({xc}, xe),
({xc}, o), ({a}, xa), (b}, %), ({a, b}, xa), ({a, b}, xp), ({a, b, ¢}, xa), ({a, b, ¢}, xp),  ({a, b, ¢}, x)},
({a, b}, x.))} and com(Fs”) = §S. Finally, by removing redundant attacks, i.e. attacks (S, a)
such that there is an attack ($',a) with §* C S, the attack relation of FS" simplifies to

{({Xa}, Xa), ({Xa}, Cl), ({Xb}, Xb), ({Xb}, b)’ ({Xc}, xC)’ ({Xc}, 6)9 ({Cl}, .Xa), ({b}7 )Cb), ({a5 b}’ XC))}'

One can show that this construction realizes extension-sets with complete semantics whenever possi-
ble.

Lemma 15. For every extension-set S that is set-com-closed and satisfies (S € S, we have that
com(F§™) =S.

Proof. Consider the SETAF F$" from Definition 16. Let §' = reduced(S), S* = dcl(S') N ucl(S") and
let us show first that com(F$™) = §'. Notice that S’ is still set-com-closed and ¥ € §'.

In order to apply the construction for admissible semantics on S* we next show that S* is set-conflict-
sensitive. Consider T, U € S* such that T UU ¢ S*. Then, by construction of S*, we have that T U U ¢
dcl(S") and thus C,pr) (T UU) = @. Now as §' is set-com-closed there is an argument # € U such that
T U {u} € PAtts. That is, for T, U € S* such that T U U ¢ S* there is an argument u € U such that
T U {u} € PAtts. Hence, the extension-set S* is set-conflict-sensitive and, from Lemma 13, it follows
that adm(F4%m) = S*.

Now consider the new attacks in R" and how they affect the admissibility of sets. Notice that only
auxiliary arguments x, are attacked and thus each set that is admissible in F&" is admissible in Fg™
as well (Proposition 9, condition (2)). That is, we have adm(FSiff”’) C adm(Fg’™). Let us show §" C
com(Fg™). Consider § € §' € S*. By the above, we have that § € adm(Fé‘fm) and it remains to be
shown that S does not defend any a € Argsg \ S, i.e., does not attack any x, for a € Argsg \ S. By
construction of Fg™" the set S only attacks arguments x, with a € § and thus S € com(Fg™) follows.
The other way around, let us show S" 2 com(Fg™). Consider S € adm(F$™). We next show that if
S ¢ S'then S ¢ com(FG™). To this end we consider two cases.

e § € adm(Fg’™) \ S*: Notice that S* = adm(FS“fm). Consider a set S that is admissible in Fg" but
not in Fé‘fm This can only be because of the attacks introduced with R’. That is, there is some x;
with s € S that prevents that S is admissible in FS“E”’ and an attack (A U B, x;) € R’ with which
S defends itself against x; in Fg™". Thatis A, B C § and, by the definition of R’, we have that
there is a unique completion C = Cgy(A U B) and s € C (recall that in R’ we only draw attacks for
A U B with a unique completion). As C € S’ € S* and s € C, by construction, there is an attack



208 W. Dvoridk et al. / On the expressive power of collective attacks

(C, x4) in Fgf’” That is, if C C S then S attacks x; in Fgf’”, a contradiction to our initial assumption.
Hence we have C ¢ S. Now we can argue that in F$™, S defends all arguments in C and thus S
is not complete. To this end let ¢ € C \ S. By construction A U B (and thus §) attacks all x, with
a € C. Now consider a set D € S* that attacks ¢. As C is admissible in Fgflm, we have that there
isad € D such that (C,d) € Rgif’". By construction we have C U {d} € PA#(S*) and thus also
AU BU{d} € PA1t(S*). As AU B € S*, we then by construction have (A U B, d) € Rgi’m. That is
A U B defends c against both possible kinds of attackers and thus defends c.

e S € S*\S" Then, thereisaset T C S suchthat | JT = S and S € dcl(S). As §' is set-com-closed
foreach A, B € S’ with A, B C S, we have a unique completion set Cyy (AU B) (as AU B € dcl(S')
we cannot have a conflict in A U B. Towards a contradiction assume that for all A, B € S’ such that
A, B C S we have Cg(A U B) C S. Then we can iteratively replace A, B € T by Cg(A U B) and
we end up with a single set in T. But then S € §', a contradiction. Thus there are two sets A, B € §'
such that A, B C Sand AU B ¢ S/, and there is also a unique set C € Cy (AU B) with C € S. Let
c € C\ S, we next argue the S defends ¢ and thus is not complete. By construction A U B (and thus
S) attacks all x, with a € C. Now consider a set D € S* that attacks c. As C is admissible in Fé‘,fi’"
we have that there is ad € D such that (C, d) € Rg‘,f’”. By construction we have C U {d} € PA#(S*)
and thus also AU B U {d} € PA#(S*). As AU B € S*, by construction we have (AU B, d) € Rgf’".
That is A U B defends c against both possible kinds of attackers and thus defends c.

Combining both cases we obtain that if S ¢ S’ then S ¢ com(Fg™). Finally, just note that F§" just
adds to FS’™ the arguments in (1) S as unattacked. Hence, S € com(F§™") iff (S\(S) € com(F§™
and, thus, com(F°") =S. [

This now gives a complete characterization of the signature for complete semantics.

Theorem 7. £5° = {S # 0 | S is set-com-closed and (S € S}.

Notice that when considering AFs not all extension-sets that are com-closed and satisfy (]S € S are
realizable with the complete semantics and a full characterization of complete semantics has been left
open in [7] and has been resolved only recently [14]. Compared to this rather involved characterization,
which we will review in Section 4.4, the above result provides a natural and easy-to-check characteriza-
tion.

Example 8. Consider the extension-set S = {#, {a}, {b}, {c}, {a, b, c}, {a,d, e}, {b,d, f},{x,c}, {x,d}}
which cannot be realized with AFs [7, Example 8]. We next show that S set-com-closed. To this end we
consider set the unions 7 U U of sets with T = Argsy and U = Argsy with T, U C S. The first condition
of S being set-com-closed is verified as follows.

(1) Whenever T U U € S we have |Cs(T U U)| = 1 by the definition of Cg.

(2) Whenever T U U ¢ dclS then |Cg(T U U)| = 0 by the definition of Cs.

(3) It only remains to consider T, U € {{a}, {b}, {c}} with T # U we have that Cs({a, b}) =
Cs(a, c}) = Cs({b, c}) = {{a, b, c}}ie. |ICs(T UU)| = 1.

For the second condition we are interested in the choices of T, U where T, U € dcl(S), i.e. we have
T,U € SU{{a, b}, {a, c}, {b, c}}. We have to show that whenever T U U ¢ dci(S) then T U {u} € PAtts
for some u € U.
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Consider T = {a}, then for U = {b, d, f} we have {a, f} € PAtts, and for U € {{x, c}, {x, d}} we
have {a, x} € PAtts.

Consider T = {b}, then for U = {a, d, e} we have {b, e} € PAtts, for U € {{x, c}, {x, d}} we have
{b, x} € PAtts.

Consider T = {c}, then for U € {{a, d, e}, {b,d, f}} we have {c, d} € PAtts, and for U = {x, d}
we have {c, d} € PAtts.

Consider T = {a, b}, then for U = {a, d, e} we have {a, b, e} € PAtts for U = {b,d, f} we have
{a, b, f} € PAtts,and for U € {{x, c}, {x, d}} we have {a, b, x} € PAtts.

Consider T = {a, c}, then for U = {a, d, e} we have {a, c, d} € PAtts, for U = {b, d, f} we have
{a,c, f} € PAtts, and for U € {{x, c}, {x, d}} we have {a, c, x} € PAtts.

Consider T = {b, c}, then for U = {a, d, e} we have {b, c, e} € PAtts, for U = {b,d, f} we have
{b, c,d} € PAtts, for U € {{x, ¢}, {x, d}} we have {b, c, x} € PAtts.

Consider T = {a, b, c}, then for U = {a, d, e} we have {a, b, c, e} € PAtts, for U = {b,d, f} we
have {a, b, ¢, d} € PAtts, for U € {{x, c}, {x, d}} we have {a, b, c, x} € PAtts.

Consider T = {a, d, e}, then for U € {{b}, {a, b}, {b, ¢}, {a, b, c}, {b,d, f}} we have {a,d, e, b} €
PAtts, for U € {{c}, {a, ¢}, {x, c}} we have {a,d, e, c} € PAtts, and for U = {x,d} we have
{a,d, e, x} € PAtts.

Consider T = {b, d, f},thenfor U € {{a}, {a, b}, {a, ¢}, {a, b, ¢}, {a, d, e}} we have {b, d, f,a} €
PAtts, for U € {{c}, {b, ¢}, {x, c}} we have {b,d, f,c} € PAtts, and for U = {x,d} we have
{b,d, f,x} € PAtts.

Consider T = {x, ¢}, thenfor U € {{a}, {a, b}, {a, c}, {a, b, c}, {a, d, e}} wehave {x, c, a} € PAtts,
for U € {{b}, {b, c}, {b,d, f}} we have {x, c, b} € PAtts, and for U = {x, d} we have {x, ¢, d} €
PAtts.

Consider T = {x,d}, then for U € {{a}, {a, b}, {a, ¢}, {a, b, ¢}, {a, d, e}} we have {x,d,a} €
PAtts, for U € {{b}, {b, c}, {b,d, f}} we have {x, d, b} € PAtts, and for U € {{c}, {x, c}} we have
{x,d, c} € PAtts.

This shows that S is set-com-closed and thus com(F5™") = S.

3.6. Discussion of results

Our characterizations of the signatures of different semantics in SETAFs (cf. Theorems 3-7) are sum-

marized in the following theorem.

Main Theorem 1. Characterizations of the signatures for general SETAFs are as follows:

Ty =S # 9| Sis downward-closed}

o = {S # @ |Sisincomparable}

naive
2% = {S | S is incomparable}
Ec?zcl)m

E;roef = {S £ 0 | S is incomparable}

= {S #£ 0 | S is set-conflict-sensitive and contains {J}

com

x> = {S % 0 | S is set-com-closed and ﬂ S e S}

220 ={S #@|S is incomparable}
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Y oage = {S # 0 | S is incomparable}
Let us now consider the relations between the signatures of the different semantics. First for the
semantics possessing incomparable extension-sets we have

= 3P _— 3®

pref sem stage*

E/Cz)couve = 2:Stb \ {@} =
Hence, compared to Dung AFs, we observe that all /-maximal semantics are equally powerful in terms
of SETAFs (modulo the empty extensions-set).

It remains to investigate the relations between admissible, complete, and conflict-free semantics. First
we show that, as for Dung AFs, every extension-set that is set-conflict-sensitive is also set-com-closed
and thus X5, C X0

com*

Proposition 10. Every extension-set S that is set-conflict-sensitive is also set-com-closed.

Proof. Towards a contradiction assume S is not set-com-closed. Consider T, U € S, T = Argsy and
U = Argsy such that one of the two conditions for S being set-com-closed is violated. Let us first
assume condition (1) is violated, i.e. |Cs(T U U)| > 2. Then we have that T U U € dcl(S) and thus,
as S is set-conflict-sensitive, T U U € S. The latter implies that Cs(7 U U) = {T U U} which is in
contradiction to |Cs(T U U)| > 2. Let us now assume that condition (2) is violated, i.e. T, U € dcl(S),
|Cs(T U U)| = 0, and there is no argument u € U such that T U {u} € PAtts. As T, U € dcl(S) and
S is set-conflict-sensitive, we have that T, U € S. Moreover, as |Cs(T UU)| = 0wehave TUU ¢ S,
and thus, as S is set-conflict-sensitive, thereisa b € U : T U {b} € PAtts, a contradiction to our initial
assumption. [

Next, we give an example of an extension-set S € X5, butS ¢ X°0 and thus show X% C X2°

c adm com*

Example 9. Consider the extension-set S = {{J, {a}, {b}, {a, b, c}}. The set is not set-conflict sensitive
as the set {a} cannot attack any argument from {b} and {a, b} ¢ S. However, S can be easily verified to
be set-com-closed (as |Cs({a, b})| = 1) and thus S € X%

com*

In contrast to Dung AFs we have that X7¥ ¢ =%
continue this example to show that also Z°° g DI

as we have already seen in Example 6. We next

Example 10. Reconsider the extension-set S’ = {@, {a}, {b}, {c}, {a, b}, {b, c}, {a, c}} € Effo from Ex-
ample 6, which is not set-com-closed. Take T = {a} and U = {b, c}. Then T U U ¢ dcl(S') and thus
|Cs(T U U)| = 0, but neither {a, b} € PAtts nor {a, c} € PAtty. Hence, by Theorem 7, there is no
SETAF F with com(F) = S

Likewise, £ 2 Zof
{b,c}} € £
as well.

Finally, we show that whatever can be realized with ¢f and com semantics can be also realized with
adm semantics.

om 18 easy to see. In Example 6, we have argued that S = {0, {a, b}, {a, c},
but since S is not downward-closed, S ¢ £77. By Proposition 10, £ 2 =2 follows,

adm’® com

Proposition 11. X7 NX7 < X5

com — “adm’
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Dt = T\ (0) = I3

naive 'pref

sem stage

T e E?}’ {on

com adm

Fig. 4. Relations between signatures in SETAFs (cf. Main Theorem 1).

Proof. Consider S € X7 N X7, i.e., a downward-closed and set-com-closed extension-set. Towards
a contradiction assume S is not set-conflict-sensitive. That is, there are A, B € Ssuchthat AUB ¢ S
and there is no » € B such that A U {b} € PArts. As S is downward-closed there is no C € S with
AU B C C and thus |Cs({a, b})| = 0. Now as S is set-com-closed there is an argument b € B such that

A U {b} € PAtts, a contradiction to the above. [

The relations between the signatures of the different semantics in SETAFs are illustrated in Fig. 4.

4. Signatures of SETAFs with collective attacks of bounded degree

We now investigate how the degree of collective attacks affects the expressiveness, i.e. we study the
signatures of k-SETAFs. Notice that in all the constructions of the last section we used attacks of un-
bounded degree, since the actual degree typically depended on the size of the extensions.

We first generalize the properties used in our signatures by adding a parameter k.

Definition 17. The possible conflicts in a k-SETAF w.r.t. an extension-set S are defined as
PAits = {S C Argsg | |S| <k + land S ¢ dcl(S)}.

Example 11. Let S = {{a, b}, {a, ¢}, {b, c}} and §' = {{a}, {b}, {c}}. Then, we have PAtté = (J while
PAtté, = {{a, b}, {a, c}, {b, c}}. Note that elements of PAtté, has cardinality 2, because a conflict of size
two can be expressed by an attack of degree 1. For instance, the conflict {a, b} can be expressed by the
degree-1 attacks ({a}, b) or ({b}, a). Note also that conflict can be expressed by the degree 2 attacks
({a, b}, b) or ({a, b}, a), but we will only be interested in attacks (S, a) satisfying |S| = 1. Similarly, for
k > 2, we have PAtt’é = {{a, b, c}}, and PAtt’é, = {{a, b}, {a, ¢}, {b, ¢}, {a, b, c}}. The conflict {a, b, c}
can be expressed by the degree 2 attacks ({a, b}, ¢) or ({a, c}, b) or ({b, c}, a).

Definition 18. Given an integer k > 1, an extension-set S C 2% is k-tight if for all S € S and a € Argsg
it holds that if S U {a} ¢ S then there exists a set S’ C S, such that §" U {a} € PAtrg.

Indeed, for k = 1 the notion of k-tight corresponds to the notion of tight on Dung AFs (see Defi-
nition 9) while for k > Argsg the notion of k-tight simplifies to: for all S € S and a € Argsg either
SU{a} € Sorthereisno §" € Swith SU {a} € §’'. Thus, S being oco-tight is implied by both S being
incomparable or S being downward-closed.
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4.1. Signatures for conflict-free and naive semantics

We start with presenting our results for the signatures for conflict-free and naive semantics. We already
know that conflict-free extension-sets must be downward-closed. In k-SETAFs we additionally have that
they must be k-tight which reflects that if S U {a} is not conflict-free there must be an attack in the set of
degree at most k. The following construction allows us to also realize such extension-sets.

Definition 19. Let FY* = (Argsg, RY"™) be the k-SETAF with RS = {(S, a) | |S| < k. a € Argsg, SU
{a} € PArL).

Note that, for given k£ > 1, FSCf *is a k-SETAF since we only have attacks (S, @) with |S| < k. One
can show that for each S that is downward-closed and k-tight we have that cf (FSCJ ’k) =S.

Proposition 12. Eff = {S #£ 0 | S is downward-closed and k-tight}.

Proof. First we show the C-relation, i.e. that ¢f (F') is downward-closed and k-tight for every k-SETAF
F = (A, R).If § € ¢f(F) then no subset of S can contain a conflict as then S would contain that conflict
as well, i.e. all subsets are conflict-free as well and thus ¢f (F) is downward-closed. Now consider an
argument a such that SU{a} ¢ ¢f (F). Then SU{a} attacks SU{a}, that is either there is a set S’ € SU{a}
with (§',a) € Rorthereisaset E C SU{a} witha € E and (E, b) € R for some b € S. In the former
case §'U{a} is of size < k+ 1 and S"U{a} ¢ dcl(cf(F)). In the latter case consider S’ = (E \ {a}) U {b}
which is of size < k (since (E,b) € R) and §' U {a} = E U {b} ¢ dcl(cf(F)). In both cases we have
S'Ula} € PAtt’Cff( r and thus the condition for ¢f (F) being k-tight is satisfied.

For the D-relation, let S be downward-closed and k-tight and consider Fg * from Definition 19. We
prove that ¢f (F{ ") = S.

1) Let us show first that cf(FSCf’k) D S.Pick any S € S and any attack (S’,a) € R with S’ C S. By
construction, we have that (§" U {a}) ¢ dcl(S) and, thus, that (' U {a}) € S. Hence, since §' C §, it
follows that a ¢ S and that § is conflict-free. Hence, we have that cf (FSLf ’k) o S.

2) To show cf (FS‘f ’k) C S, pick § C Argsg with S ¢ S. As S is downward-closed we have that there is
an S’ € S such that S’ C S, and w.l.o.g. assume that S’ is a maximal such set. Picka € S\ §’. As S is
k-tight there is an attack (B, a) € R for some B C §’ and thus S ¢ cf(FSCf’k). ]

Next we show that for each S that is incomparable and whose downward-closure is k-tight we have
that naive(FSCf’k) =S.
Proposition 13. =X . = {S # 0 | S is incomparable and dcl(S) is k-tight).
Proof. For any k-SETAF F, naive(F) is incomparable by definition and dc/(naive(F)) = cf (F) holds.
Thus, by Proposition 12, dcl(naive(F)) is k-tight.

To realize a set S that is incomparable and such that dcl(S) is k-tight consider S" = dcl(S) and realize

S’ by the construction of Proposition 12. Let F be the resulting SETAF. Then we have that ¢f (F) = S
and by construction S contains exactly the C-maximal elements of S'. Hence, naive(F) =S. U

The following theorem summarizes the characterizations of this subsection.
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Theorem 8. We have that

o K ={S #£0|S is downward-closed and k-tight} and

=
o XK =S #0|Sisincomparable and dcl(S) is k-tight}.

naive

The following example shows that the expressiveness of conflict-free and naive semantics strictly
increases with the degree k of the attacks.

Example 12. Consider the argument set A = {ay, ay, . .., ar+1, ar+2} and the extension-sets S = {§ C
Al|S| <k+1}and T = {S € A | |S| = k + 1}. We have that S is not k-tight, as A ¢ S, but for
S = {a1,as, ..., ar 1} we have that every S’ C {aj, aa, ..., ary1} satisfies S U {axs2} € S and thus

S" Ufarsr) ¢ PAtt’é. Note that S U {a;.,} ¢ PAtt’é because |S U {ay12}| > k + 1. Hence, S cannot be
realized as conflict-free sets of any k-SETAF. However, one can easily verify that S is (k 4+ 1)-tight and
thus can be realized as conflict-free sets of some (k + 1)-SETAF. Moreover, as dc/(T) = S we have that
dcl(T) is not k-tight, i.e. T cannot be realized as naive sets of a k-SETAF. But dcl(T) is (k + 1)-tight;
hence T can be realized as naive sets of a (k + 1)-SETAF.

4.2. Signatures for stable semantics

Next we consider the stable signature for k-SETAFs. Again, the set of stable extensions of a k-SETAF
must be k-tight reflecting the fact that each argument which is not in an extension S must be attacked by
S via a degree k attack. The following construction expands FS':f * from Definition 19 by arguments x;

. . . (,f)k
that eliminate unwanted naive extensions of Fg' ™.

Definition 20. Given an extension-set S that is incomparable and k-tight, we construct the k-SETAF
thb‘k = (A, R) based on FSCf’k = (Argss, Réf’k) as follows:

A = Argsg U {xs | S e naive(Fgf’k) \S}

R = Rg’k U U {({a}. xs). ({xs}. xs) | @ € Argss \ S}

Senaive(FS*)\S

One can show that for each S that is incomparable and k-tight we have that stb( thb’k ) = S by building
on Theorem 8 and using similar arguments as in [7, Prop. 7].

Theorem 9. Eftb = {S | S is incomparable and k-tight}.

Proof. To prove the C-relation, let F' = (A, R) be a k-SETAF. We show that stb(F') is incomparable
and k-tight. As stb(F) C pref (F), it is clear that stb(F) is incomparable. Now consider E € stb(F'). By
definition for each argument a ¢ FE there is an attack (B, a) with |B| < k. That is there isno E’ € sth(F)
with B U {a} € E’ and thus B U {a} € PAttftb(F). Hence, stb(F) is also k-tight.

To prove the D-relation of the assertion, let S be an extension-set that is incomparable and k-tight, and
consider the SETAF Fglb‘k = (A, R) from Definition 20. We show that stb(thb’k) =S.

1) Let us show first that stb(Fglb’k) D S. Pick any § € S and any attack (S, a) € R with §' C S. By
construction, we have that (S'U{a}) € PAtt’é and, thus, that (S’ U {a}) §Z S. Now consider a € Argsg\ S.
As S is k-tight there exists B € S, |B| < k such that B U {a} € PAtt’é and thus (B, a) € R. Finally,
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consider xg € {xs | S ¢ S and S C-maximal in dc/(S)}. We have that S and E are incomparable and
thus there is an argument a € E such that ({a}, xg) € R. Thatis, S € stb(thb’k).

2) It remains to show sth(FS"*) C S. Let S C Argsg with S ¢ S. If S ¢ naive(F{"*) then it

is not stable in F{”*. Thus assume S € naive(Fi""). Observe that naive(Fi""*) = naive(FSCf’k). By

construction, there is an argument xg € A with xg ¢ S and S not attacking xs. Thus, S ¢ stb(FS”b’k ). O

The above theorem gives a strict hierarchy of signatures Eftb which is illustrated in the following
example.

Example 13. Consider the argument set A = {a;, ay, ..., ar+1, ar+2} and the extension-set T = {§ C
A | |S| = k+1} as in Example 12. Recall that T was not realizable by the naive semantics because dc/(T)
was not k-tight. In fact, T itself is not k-tight either. Note that A ¢ T, but for {a;,as,...,ar+1} € T
we have that any S C {ay, az, ..., ary1} satisfies S U {ags2} € dcl(T) and thus S U {ay1,} ¢ PAtt’{T.
Hence, T cannot be realized as stable extensions of a k-SETAF. However, one can easily verify that T is
(k + 1)-tight and thus can be realized as stable extensions of a (k + 1)-SETAF.

Note that, for incomparable S, whenever dcl(S) is k-tight, also S is k-tight. Hence, for k-SETAFs, the
stable semantics is more expressible than the naive semantics. We next show that stable semantics is
indeed strictly more expressive than naive semantics as long as k is bounded; recall that for SETAFs in
general, stable and naive semantics are equally expressible modulo the empty set of extensions (cf. Main
Theorem 1).

Example 14. Consider the sets of arguments X = {xi, ..., xx+1}, ¥ = {1, ..., Yxt1} additional argu-
ments a, b and the extension-set S = {X U {a}} U {{b, y;} U X \ {x;} | 1 < j < k+ 1}. The set S is
k-tight as {a, b}, {a, yi}, {yi, y;}, {xi, yi} € PAtt’é. On the other hand, dc/(S) is not k-tight as for the set
X € dcl(S) there isno X’ C X such that | X'| < kand X' U {b} € PAtt’é. That is, the extension-set S can
be realized with a k-SETAF under stable semantics but not with a k-SETAF under the naive semantics.

As we will see next, for k-SETAFs we also have different signatures for stable and preferred semantics.
For the latter, we first need to understand admissible sets in k-SETAFs. This is also the reason why we
analyse the semantics here in a slightly different order compared to Section 3.

4.3. Signatures of admissible and preferred semantics

We first parameterize the notions of conflict-sensitive and set-conflict-sensitive.

Definition 21. Given an integer k > 1, a set S € 2% is called k-conflict-sensitive w.r.t. a set PAtt C
{(5,b) | |S| <k, SU{b} € PAtt’é} if for each A, B € S such that A U B ¢ S, it holds that there is an
argument b € B satisfying (A, b) € PAtt.

It turns out that the above generalization of set-conflict-sensitive is not sufficient to characterize ad-
missible extension-sets in k-SETAFs. We thus introduce the notion of k-defensive, which is tautological
for k = 1 and covered by set-conflict-sensitivity for k = oo.

Definition 22. A set S C 2% is called k-defensive w.r.t. a set PAtt C {(S,b) | |S| <k, SU (b} € PAtt’é}
if foreach A € S,a € A, (B, a) € PAttthere are S C A, b € B with (S, b) € PAtt.
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Remark 2. Notice that the terminology here has changed when compared to the conference version of
the paper [11]. What was called k-defensive in [11] is now called k-adm-fortable and further split up in
two properties, i.e., k-conflict-sensitivity and k-defensivity. This is due to the new characterization for
complete semantics presented in the forthcoming subsection that shares the property of k-defensivity
with admissible semantics but not k-conflict-sensitivity.

Definition 23. A set S C 2% is called k-adm-fortable if there exists a set PAtt € {(S,b) | |S| <
k,SU{b} € PAtt’é} such that S is k-conflict-sensitive w.r.t PAft and k-defensive w.r.t. PAft.

Remark 3. Given an extension-set S, if there exists a set PA#t that meets the conditions of Definition 23
one such set can be computed by a fixed point iteration as follows. In an initial phase, for each § € S
consider all subsets B of size min(k, |S|) and b € Argsg \ S and add (B, b) to PA#t whenever B U
{b} € PAtt’é. Then iteratively check whether the set is k-defensive and remove attacks that violate the
k-defensive property from PAft. When the fixed point is reached, i.e. S is k-defensive w.r.t. PA#t, check
whether S is also k-conflict-sensitive w.r.t. PAzt. If so we have found a set PAft that meets the conditions
of Definition 23, otherwise there is no such set.

Whenever the union of two admissible sets is not admissible then (i) there must be an attack of de-
gree < k in this union and (ii) each admissible set must defend itself against all attacks we introduce to
establish (i), again using only attacks of degree < k.

Lemma 16. For any k-SETAF F we have that adm(F) is k-adm-fortable and contains .

Proof. First, notice that the empty set is always admissible. Now we consider a k-SETAF F = (A, R),
the set of attacks PA#t = {(S, a) € R | S € Args gu(r), @ € ArgSaam(r)} Of all attacks between arguments
that appear in at least one admissible set and show that it satisfies the two conditions for S being k-adm-
fortable.

1) We first show that S is k-conflict-sensitive w.r.t. PAtt. Assume there are two admissible sets 7', U
such that the set C = T U U is not admissible. By Lemma 2 the set C defends itself against all attackers
and thus there must be a conflict in C, i.e. there exists an attack (S,a) € Rwith S C Canda € C.

e If a € T then, as T is conflict-free, S N U # @. Moreover, as T is admissible it has to defend
itself against (S, a), i.e. there is an attack (7', u) with 7" C T and u € S N U. Hence, we have
(T, b) € PAt.

e Ifa € U then, as U is conflict-free, S N T # (. Moreover, as U is admissible it has to defend itself
against (S, a), i.e. there is an attack (U’, ¢t) with U’ C U andt € SN T. Now, as T is admissible as
well, there is also an attack (7', u) with 7" C T and u € S’ C U. Hence, we have (T, b) € PAm.

2) It remains to show that S is k-defensive w.r.t. PArt. If (B, a) € PAtt then B attacks a in F. Thus
each set E € adm(F) with a € E defends itself against B, i.e. for each E € adm(F) with a € E there is
apair (S,b) € Rwith § C E and b € B. Thus, also (S, b) € PAtt and the second condition is satisfied.
We obtain that adm(F') is k-defensive w.r.t. PArt. [

Remark 4. For k = 1, we can make all the elements of PA#t symmetric, i.e. whenever ({a}, b) €
PA1t then also ({b}, a) € PAt, without affecting the 1-conflict-sensitive property. Any extensions S is
trivially k-defensive w.r.t. symmetric attack sets PA#t and thus the notion of 1-adm-fortable reduces to
being conflict-sensitive, cf. Definition 9. For unbounded k, each set (A, b) € PA#t can be replaced by
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{(S,b) | S € S,A C S} without violating k-conflict-sensitivity or k-defensivity w.r.t PA#t. Given that,
testing whether S is k-conflict-sensitive w.r.t. PA#f reduced to testing whether S is set-conflict-sensitive.
Moreover, whenever a set is set-conflict-sensitive it is also set-defensive w.r.t. PAft = {(S,a) | S €
S, S U A € PAttg}. That is, an extension-set S being co-adm-fortable reduces to S being set-conflict-
sensitive.

Similarly as done in Section 3 for SETAFs of unbounded attack degree, we build the k-SETAF for the
admissible semantics with several modules, starting with the module that exploits conflict-freeness.

Definition 24. When given a extension-set S and a set PAtt € {(S,b) | |S| < k,SU {b} € PAtt’é} we
define the k-SETAF F¢, = (Argsg, PAtr).

We are now able to obtain similar results for this module as for the corresponding module in general
SETAFs.

Lemma 17. Let S be a extension-set that contains ) and is k-conflict-sensitive w.r.t. a set PAtt that meets
the conditions of Definition 23, and let S C Argsg be some set of arguments such that S = | J T for some

set T C S. Then, we have that S € cf (FSLTI;fm) implies S € S.

Proof. Consider a SETAF FSCf ﬁfm as given in Definition 24 and a set S = [ J T for some subset T C S

with § € ¢f (FSC{C I’,fm). Let us consider A C T such that ([ JA € S and there is no A" € T such that
A C A’ and [ JA' € S. Note that such A always exists because | J# = @ € S. We also define A = J A.
Towards a contradiction assume A C T and pick any B € T\A. Then, by construction, we have that
A,B €S, (AU B) C S and that (AU B) ¢ S. Furthermore, since S is k-conflict-sensitive, it follows
that there are A” € A and b € B such that |A’| < k and (A’, b) € PA#t. This implies that there is an
attack (A', b) € PAtt and, thus, (A’ U {b}) & cf (F¢ ). Finally, since (A’ U {b}) € (AU B) C S and
cf (FSC{C ;,fm) is downward-closed, this implies S ¢ cf (Fg i’fm) which is a contradiction with the assumption
that S € ¢f (Fg,;zﬁ). Hence, it must be that A = T and, thus, that A = S holds. Since A € S holds by
construction, this implies S € S. [

Lemma 18. Let S be a extension-set with ) € S that is k-defensive w.r.t. PAtt. Then, S C adm(Fg ;,fm).

Proof. Pick any set S € S. First of all by the choice of the attacks PA#t the set S is conflict-free. Now
consider any argument ¢ € S and any attack (B, a) € PAtt As S is k-defensive w.r.t. PA#t there are some

S" C 8, b € Bsuchthat (S, b) € PArt. That is, in Fgcfl;iﬂ the set S defends a against the attack (S, a).
Hence, S defends itself against all attacks in Fgf }fm- g

Towards our defense module we recall the notion of defense-formulas from [7].

Definition 25 ([7]). Given an extension-set S, the defense-formula Df’ of an argument a € Argsg in S is
defined as

VAR

SeSs.t.aeS seS\{a}

DS given as (a logically equivalent) CNF is called CNF-defense-formula CD§ of ain S.
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The defense formula DS tells us which arguments must be in the extension in order to defend the
argument a. We can exploit this by using the following technical lemma.

Lemma 19 ([7]). Given an extension-set S and an argument a € Argss, then for each S C Argsg with
a € S: (S \ {a}) is a model of D (resp. CDE) iff there exists an S' € S witha € S’ such that S’ € S.

For our defense module we adjust the corresponding parts from the canonical defense-argumentation-
framework in [7] to our setting with k-SETAFs.

def

Definition 26. Given an extension-set S, we call Fgef = (Ag", Rg

7y with

Agef = Argsg U U {aay |y € CDE}

acArgss

R = 1 {(1b) o). (10} @), (letsy) ) | v € CDEb < )

acArgsg

the defense-argumentation-framework of S, and let Fg‘fﬁﬁ;’f = FSCf ,’,fm ] FSd v

We next show that this defense framework ensures that only sets in S or the union of such sets are
admissible.

Lemma 20. For every extension-set S that contains (), we have that S € adm(Fgef Yiff S = UT for
some T C S.

Proof. First notice that there are no conflicts between arguments in Argsg and all arguments not in Argsg
are self-attacking. It thus suffices to show that S defends itself in Fg Tiff § = (JT for some T C S.
=:LetS e adm(Fél o ) and consider an argument a € §. S attacks all the arguments «,,, that attack a
and by construction this implies that S contains a model M of CDE. By Lemma 19 we have M U{a} € S.
As this holds for each argument a € S thereisa T C S such that S = |JT.
«<:LetT CSand S =|JT.Considera € Sandaset T € T witha € T. By Lemma 19 we have that
T \ {a} is a model of CDE and thus attacks all of the arguments o, . That is a is defended by S. Hence,

S € adm(F). O

When combining the two modules to the SETAF FS"%}I;, Lemmas 17, 18 and Lemma 20 imply that
we get a SETAF that realizes extension-set S with admissible semantics.

Lemma 21. For every extension-set S with {#} € S and set PAtt C {(S,b) | |S| < k,SU {b} € PAz‘té}
such that S is k-conflict-sensitive and k-defensive w.r.t. PAtt we have adm(FSa)”fD'f"t];) =S

Proof. We consider the k-SETAF Fg"’dp'f"tf = Fy ;,Zn U Fgef from Definition 26 and show that S =
adm(Fgyy).
o S C adm(F{%): We have that, by Lemma 18, S C adm(FSqf}il,), and, by Lemma 20, S C
adm(F¢?). Hence, by Proposition 9(2), S € adm(F£%: ).
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o S 2 adm(F%;,): Consider S € adm(F§%,,) which by definition is conflict-free in F¢%;,. Notice
that, attacks from FSLf pay Cannot be used to defend against attacks from Félef and vice versa. Thus,

by Proposition 9(1) and the above observation, S € adm(Fg ,,) and S € adm(Fg?).
By Lemma 20 we have that S = (JT for some T C S. Now by Lemma 17 we have that if
S e cf(FS‘TI;fm) then S € S. As we already know that S € adm(FgI;zn) C Sweobtain S €S. O

We now can state the exact characterization of the admissible signature for k-SETAFs.

Proposition 14. Eﬁdm = {S #£ 0 | S is k-adm-fortable and contains (}.
Proof. First, by Lemma 16 we have that any S € XX, is k-adm-fortable and contains #). Second,
given that an extension-set S is k-adm-fortable and contains {J, we know that there exists a set PAtr C
{(§,b) | |S| <k, SU{b} € PAtt’é} such that S is k-conflict-sensitive and k-defensive w.r.t. PAft. Thus,

by Lemma 21, we have adm(F§’yy;) = Sand thus S € =%, . O

Based on our characterization of admissible semantics we can now also characterize the signature of
preferred semantics.

Proposition 15. E]])(ref = {S £ 0 | S is incomparable and k-adm-fortable}.
Proof. We start with the C-relation. Consider pref (F) for an arbitrary k-SETAF F = (A, R). The
extension-set pref (F') is incomparable by the definition of preferred semantics.

Now we consider the set PAtt = {(S,a) € R | S € Args,,,(F)} and show that S is both (1) k-conflict-
sensitive w.r.t. PAst and (2) k-defensive w.r.t. PAtt, i.e. we show that S is k-adm-fortable.

1) Consider arbitrary extensions E, T € pref (F) with E # T. By the maximality of £ and T we have
that EUT ¢ pref(F), E U T is not contained in any preferred extension, and, by Lemma 2, we know
that £ U T defends itself against all attackers. That is, there is a conflict (B, a) € Rsuchthat B C EUT
andae EUT.

e If a € E then, as E is conflict-free, BN T # (. Moreover, as E is admissible it has to defend
itself against (B, a), i.e. there is an attack (S, b) with § € E and b € B N T. Hence, we have
(S, b) € PAtt.

e Ifa € T then, as T is conflict-free, B N E # (). Moreover, as T is admissible it has to defend itself
against (B, a), i.e. there is an attack (S’, ¢) with §’ C T and ¢ € BN E. Now, as E is admissible as
well, there is also an attack (S, b) with S € E and b € S C T. Hence, we have (S, b) € PAtt.

2) If (S, b) € PAtt then S attacks b in F. Thus each set S” € pref (F) with b € S’ defends itself against
S, i.e. for each S’ € pref(F) with b € §’ there is a pair (S”,a) € R with §” C §" and a € S. Thus, also
(8", a) € PArt thus pref (F) is k-defensive

We obtain that pref (F) is k-adm-fortable.

To prove the D-relation, consider an extension-set S that is incomparable and k-adm-fortable. The
set S = S U {0} is k-adm-fortable and contains the empty set. We thus can apply Proposition 14 and
obtain that there is a k.-SETAF F such that adm(F) = S'. As the preferred extensions are the C-maximal
admissible sets we have pref (F) = S as desired. [

The results of this subsection are summarized by the following theorem.
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Theorem 10. We have that
o Xk = (S =£@|S is k-adm-fortable and contains ¥} and

adm

° Ezljref = {S #£ 0 | S is k-adm-fortable and incomparable}.

Example 15. Reconsider the argument set A = {a, a,, ..., ar+1, ars2} and the extension-set T = {S C
A | |S| = k + 1} from Example 13 as well as U = T U {(}}. We next argue that the extension-sets are
not k-adm-fortable. Notice that PAtt’{T = PAtt{fj = () thus the empty set is the only candidate for the set
PAtt. However, S has to be k-conflict sensitive w.r.t. PArt. That is, for the sets S; = {a;, az, ..., axi1},
S, ={az,ap,...,ar2}, with S; U S, ¢ T weneed S C S and ¢t € S, such that " U {¢t} € PA#t which
is not true and thus there is no set PA#t such that the extension-sets are k-defensive w.r.t. PAtt. Hence, T
(resp. U) cannot be realized as preferred (resp. admissible) extensions of a k-SETAF. However, one can
verify that T is (k + 1)-adm-fortable and thus T can be realized as preferred extensions of a (k 4+ 1)-
SETAF as well as U can be realized as admissible extensions of a (k + 1)-SETAF. To this end consider
PAtt = {(S,a) | S C A|S| = k+ 1,a € A\ S}. First, the extension-sets are both (k + 1)-conflict-
sensitive w.r.t. PA#t, e.g. for S| = {a1, a2, ..., a1}, $2 = {2, az, ..., a2} with S U S, ¢ T we
have S| U {ay42} € PA#t (symmetric arguments work for other pairs of extensions from T). Second, the
extension-sets are both (k + 1)-defensive as for each (S,a) € PAtt and a € S’ € T there is an attack
(S, b) € PAtt with b € S (as a is the only argument not contained in S). Thatis, T is (k4 1)-adm-fortable
and with the same arguments we also get that U is (k + 1)-adm-fortable.

4.4. Signature of complete semantics

This section heavily builds on recent work by Linsbichler [14]. Linsbichler provides an exact char-
acterization for the signature of complete semantics in Dung AFs, i.e. of ! in our notation. In this
section, we generalize his characterization and construction to the case of =X fork > 1.

In a first step we parametrize the notion of being com-closed by (a) a reference k to the arity of the
attacks and (b) by reference to a subset PA#t of the possible attacks between arguments in Argsg.

Definition 27. Given an integer k > 1,asetS C 24 is called k-com-closed w.r.t. a set PAtt C {(S, D) |
S| < k,SU({b} € PAtt’é} iff foreach T € S, T = [J T we have |Cs(T)| < 1 and if |Cs(T)| = 0 then
there is an attack (S, t) € PAft suchthat SU {t} C T.

We summarize the necessary conditions for S € XX that refer to a set PA#t under the term k-com-
fortable. That is, there must be a subset PAtt of the possible attacks between arguments in Argsg such
that S is k-defensive and k-com-closed w.r.t. PA#t. Additionally we require that, when considering the
SETAF F = (Argsg, PAtt), whenever Cs(T) = {C} for certain T then when we iteratively adding the

arguments of C defended by T (in F) to the set T one eventually ends up with the set C.

Definition 28. A set S C 24 is called k-com-fortable if there exist a set PAtt € {(S,b) | |S| <
k, S U {b} € PA£} such that

(1) Sis k-defensive w.r.t. PAtt,

(2) Sis k-com-closed w.r.t. PArt, and

(3) foreach T C Sand T = [J T, if Cs(T) = {C} then there is an order (c, . . . ¢) of the elements in
C\Tst.VY(S,¢c;)ePAt: 38 C T U{cy,...,ci1},d € S: (S',d) € PA.

Lemma 22. For any k-SETAF F we have that com(F) is k-comp-fortable and () com(F) € com(F).
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Proof. First of all, we have [ com(F) = grd(F) € com(F) and thus the second property is always
satisfied. In order to show that com(F) is k-comp-fortable we have to construct a set PAtt satisfying the
three properties. To this end let F' = (A, R) and PA#t = R N (ArgS.om(ry X AT&Scom(r)) 1-€, We consider
all the attacks between arguments that appear in at least one complete extension. It remains to check the
three properties for being k-comp-fortable.

(1) com(F) is k-defensive w.r.t. PAtt: Consider a set E € com(F) an attack (S, e¢) € PAtt withe € E.
Thus (S, e) € R and as E is admissible there is an attack (E’,s) € R withs € Sand E’' C E.
Then by construction also (E’, s) € PA#t and therefore com(F) is k-defensive w.r.t. PAft.

(2) com(F) is k-com-closed w.r.t. PAtt: Consider a subset of the complete extensions T C com(F).
By Lemma 2 we have that T = [ J T defends itself. Now either, there is an attack (S, a) € R with
SU{a} C T and thus (S, a) € PA#t as well, or T is an admissible set and thus there is a unique
minimal complete extension E such that 7 C E,i.e., T has a unique completion in com(F’).

(3) Consider a subset of the complete extensions T C com(F) such that T = [ JT is admissible
and let C be the unique minimal complete extension E such that T € E. Incase T = C all
the conditions are trivially satisfied, thus we consider T C C. Now to order the arguments in
C’ = C \ T we use the following procedure: Starting from ¢, iteratively select element ¢; by
picking an arbitrary argument in C"\ {cy, ..., ¢;_1} that is defended by T U {cy, ..., ¢;_1}. If these
procedure succeeds we have found an order satisfying the conditions for being k-comp-fortable.
Thus, towards a contradiction, let us assume the procedure eventually fails in picking an argument
¢i. Thatis, theset T,_; = T U{cy, ..., ¢c;_1} does not defend any argument in C’ \ {c1, ..., ¢;_1}.
Moreover, as T € C and C is complete we have that 7;_; does not defend any argument outside
of T;_;. That is, by Lemma 1, we have that 7;_ is admissible, the set 7;_; is a complete extension
with T C T;_; which is in contradiction to the minimality of £. [J

In order to realize extension-sets with complete semantics, again we first assume that ¥ € S, and then
extend the construction to the general case. We build the k-SETAF with several modules, starting with
recalling the module that exploits conflict-freeness from Definition 24. For a set PA#t € {(S, D) | |S]| <

k, U {b} € P15} we have the k-SETAF Fg'y,, = (Argss, PAtr).

Lemma 23. Let S be k-com-closed w.r.t. PAtt C {(S,b) | |S| <k, SU {b} € PAtté} and T C Argsg be
some set of arguments such that T = | J T for some subset T C S. Then, we have that T € cf (FSC{ ,;fm)
implies |Cs(T)| = 1.

Proof. Consider T = |J T and assume |Cg(7)| = 0. Then, as S is k-com-closed w.r.t. PAst, there is
an attack (S,t) € PA#t with S U {¢t} € T. By the construction of FSCf I;fm, this is in contradiction to

T e cf(Fp,). O

We next adapt the idea of defense-formulas, which we used for admissible semantics, to so-called
extended-defense-formulas. To this end for each argument a € Argsg we consider all sets T = Argsy
with T C S such that |Cs(T)] = 1 and a € Cs(T).

Definition 29. Given an extension-set S, the extended-defense-formula € D§ of an argument a € Argsg
in S is defined as

Voo As

Te{UT|TCS} s.t.aeCs(T) seT
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EDE given as (a logically equivalent) CNF is called CNF-extended-defense-formula CEDE of a in
S.

The extended-defense-formula £DF tells us which arguments must be in the extension in order to
defend the argument a. We can exploit this by using the following technical lemma (which is in the
spirit of Lemma 19 for defense-formulas).

Lemma 24. Given an extension-set S and an argument a € Argss, then for each S C Argsg witha € S:
S is a model 0f5D§ (resp. CEDE) iff there existsan T C S, T = | JT witha € Cs(T) and T C S.

Proof. Notice that our formula £ D§ only contains positive literals.
=: If S is a model of £D’ then it satisfies one of the conjuncts /\
witha € Cg(T) and T = |J T for some T C S.
<: Assume that S has a subset 7 witha € T and T = [JT for some T < S. Then consider the
sub-formula /\,_; s. As S is a super-set of T, S satisfies the sub-formula and thus also the disjunction
over all sub-formulas. [

ser» and thus thereisaset T C §

We next extend the concept of defense-argumentation-framework (cf. Definition 26).

Definition 30. Given an extension-set S with # € S, we call F£* = (A%Y, RS with

Aédef = Argsg U U {aay |y € CEDE}

acArgss

Réde'f = U {({b}, %V)’ ({O‘ay}’ O‘W)’ ({Olay}, a) v € CSDE, be y}

a€Argss

the extended defense-argumentation-framework of S. Given an extension-set S and S’ = reduced(S) we
comk __ pcf .k edef
define FS,PAtt - FS,PAtt U FS’ .

We next show that FSCZZZ’,]; realizes any k-comp-fortable extension-set S with J € S.

Lemma 25. For every extension-set S with ) € S that satisfies the three conditions for being k-comp-
fortable w.r.t. a set PAtt C {(S,b) | |S| < k,SU{b} e PAtt’é} we have com(Fg',,) = S.

Proof. com(Fg%,,) € S: Consider S € Fg%,,.. As S is conflict free, by the construction of FSCJ I’,in, we
have that there is no attack (§’, a) € PAft with S’ U {a} C S.Let Tg ={T € S| T C S}. As S defends
each argument in s € S, against attackers oy, , the set S is a model of £ Df. Thus, by Lemma 24, for each
s € Sthereisaset Ty, € Ty with 7, = [JT; € Sand s € Cs(Ty). Let Ts = | JTs then as Ts C S,
by Lemma 23, it has a unique completion in S w.r.t. PA#t and by the above S C Cg(Ts). Next, we show

that each argument s € Cg(Tys) is defended by S and thus contained in S. Using the third condition of

S being k-comp-fortable we have an order on the arguments Cs(7s) \ Ts as (ci, ¢a, ..., ¢) such that
T U{cy,...,c; — 1} defends c; against all attacks from PA#t. Moreover, as T is a model of all ED;S, for
c € {ci, ..., cx}, by the construction of FSedef it defends the arguments cy, ..., ¢, against attacks a.,, .

Thus by induction on i all the arguments ¢; are defended and contained in S. Hence, Cs(7) = S and
hence § € S.
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com(FSCf’;fm) D S: Consider S € S. By construction we have that S € ¢f (Fg"}’;;lt). It remains to show
that (i) S defends each of its arguments and (ii) does not defend any argument in Argsg\ S (the arguments
outside of Argsg are self-attacking anyway).

(i) To show S € adm(Fgﬁn) consider an arbitrary argument s € S. There are two kinds of attackers.

First, the arguments o, . These arguments are attacked by S as S is a model of the formula CE Df
(cf. Lemma 24). Second, the attacks (B, s) € PAtt. As S is k-defensive, there is a set $” € § and
an argument b € B such that (S, b) € PAst. That is, S defends each s € S.

(i) To show S € com(Fg,,) consider an arbitrary argument a € Argsg \ S. As S € S we have that
Cs(S) = S and thus neither the set S nor any of its subsets appear in the definition of the formula
ce DE, i.e., none of this sets is a model of C5D§ (cf. Lemma 24). That is, there is an argument
that is not attacked by S but attacks a (note that, by construction, CE Di’ has at least one clause,
as there is always at least one 7 € S with a € Cs(T)). Thus, S does not defend a. Hence, S is a
complete extension of Fg%,,. [

We now can state the exact characterization of the complete signature in k-SETAFs.

Theorem 11. XX = (S £ @ | S is k-comp-fortable and (S € S}.

com

Proof. The necessity of the conditions is by Lemma 22. To show that the conditions are also sufficient
consider S’ = reduced(S). By Lemma 25 we have an k-SETAF Fg'pyy With com(Fg'p, ) = S'. Thus
with F = Fg}‘fZ’Aﬂ U (Argsg, V) we obtain com(F) = S. Also notice that FS“%” = FSC,‘fj,f’A” U (Argsg, V) =

F. O

Example 16. Consider the argument set A = {ay, ay, ..., dr+1, ax+2} and the extension-set U = {§ C
A | |S| = k+ 1} U {#} (cf. Example 15). Recall that PAtz‘{fJ = () and thus the empty set is the only
candidate for the set PAtt. We next show that U is not k-com-closed w.r.t. PAtt. Consider the sets S; =
{ay, an, ..., a1}, S» = {az, aa, ..., aryo}, with S U S, ¢ U and thus |Cs(S; U S,)| = 0. In order to
satisfy the k-com-closed we need an attack (S, t) € PA#f such that S U {¢t} C S, U S,. However, as PA#
is empty there is no such attack an thus there is no set PA#t such that U is not k-com-closed w.r.t. PA#z.
Hence, U cannot be realized with a k-SETAF and complete semantics. However, one can easily verify
that for the (k + 1)-SETAF F = (A, {(S,a) | S€ T,a € A\ S}) we have com(F) = U.

Exploiting a translation from [12] we can show that sk oC 3k

adm com*

Proposition 16. ¥, < %X

adm = ““com*

Proof. ConsiderasetS € EL’jdm, i.e., thereis a SETAF F = (A, R) with adm(F) = S. Now we apply the

translation from admissible to complete semantics in Dung AFs [12]. That is we construct the SETAF
F' = (A’, R") with

A'=AU{d |a € A}

R = RU{({a}. ). (ta}.a). ({a'}.a) |a € 4]

Now it is easy to verify that none of the new arguments can be in an admissible set and moreover as the
new attacks are all symmetric we have adm(F) = adm(F"). Finally, as for each a € A, the argument a
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is the only argument attacking a’ and, thus, only sets containing a can defend a. Thus in F’ admissible
sets and complete extensions coincide, i.e., com(F’) = adm(F') = adm(F) = S and thus S € %¥ ]

com*

Next, we give an example of an extension-set S € =X butS ¢ =¥, and thus show =¥, =F

com?’ com*

Example 17. Recall Example 9 showing that X7 C X . There we had the extension-set S =
{@, {a}, {b}, {a, b, c}} which is not in £°; and thus also S ¢ Zfdm. However we can realize S with

adm
the 1-SETAF F = (A, R) with

A= {Cl, b’ C} U {Xa, Xby Xes yc}
R = {({xi}7-xi)v ({xi}v l) | i € {a7 ba C}} U {({yc}v yc)’ ({yc}’ C)}
U {({a}v xtl)a {b},Xb), ({a}’ xC)v {b}a )’c)}

It can easily verified that com(F) = Sand thus S € =¥ fork > 1.

com

By the Examples 15, 16, & 17 we have that (a) there are extension-sets that are in £ butin no %X

com adm
(not even in X°7 ) and that (b) there are extension-sets in Y41 that are not contained in X*

adm com*

4.5. Signatures of semi-stable and stage semantics

Finally, we consider the signatures for semi-stable and stage semantics on SETAFs with attacks of
bounded degree. As we will see, it turns out that semi-stable semantics on k-SETAFs is equally ex-
pressible to preferred semantics; and stage semantics is equally expressible (modulo the empty set of
extensions) to stable semantics. This mirrors the behavior for Dung AFs.

We first exploit our results for preferred semantics to characterize the signature of semi-stable seman-
tics.

Proposition 17. X = {S £ ¢ | S is incomparable and k-adm-fortable}.

sem

Proof. Let F = (A, R) be a k-SETAF. We show that sem(F’) is incomparable and k-adm-fortable.
sem(F) is incomparable as it is a subset of pref (F) which is incomparable by definition. Now we can
proceed as in the proof of Proposition 15 and consider the set PAtt = {(S,a) € R | S C Args,;,(F)}.
As shown there this set satisfies the conditions for S being k-adm-fortable.

Next we argue that ¥ € ¥*  To show this we adapt the translation from preferred to semi-stable

ref — “sem®

semantics in Dung AFs from [12]. That is given a SETAF F = (A, R) we construct F’ = (A’, R’) with
A'=AU{d |ae A}
R =RU{({d'}.a'), ({a}.d') | a € A}

Now it is easy to verify that pref (F) = pref(F') = sem(F’). That is, for each S € E[’jmf we have a

SETAF F with pref(F) = S and thus a SETAF F’ with sem(F) = S, i.e., S € £¥ . By Proposition 15

we thus have that each non-empty incomparable and k-defensive extension-set S can be realized as a
k-SETAF with semi-stable semantics. [

Next we exploit our results for stable semantics to characterize the signature of stage semantics.
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Proposition 18. XX = (S # (@ | S is incomparable and k-tight).

stage

Proof. First consider stage(F') for some k-SETAF F. As stb(F') C naive(F'), and naive(F') is incompa-
rable by definition, we have that stb(F’) is incomparable, as well. Now consider E € stage(F). As each
stage extensions is also a naive extensions for each argument @ ¢ E there is an attack (B, b) such that
BU{b} C E U {a}. Thatis there isno E’ € stage(F) with B U {b} C E’" and thus B U {b} € PAttyug0(F).
That is, the extension-set stage(F') is k-tight.

Now consider S € £, i.e., there is an SETAF F with stb(F) = S.If S is non-empty, by Lemma 7, we

stb?
also have stage(F) = S. Thus, by Theorem 9, each non-empty incomparable and k-tight extension-set

S can be realized as a k-SETAF by stage semantics. [
The results of this subsection are summarized by the following theorem.

Theorem 12. We have that
o 3K —={S#£0|Sisincomparable and k-tight} and

stage

o =k = IS =@ |Sisincomparable and k-adm-fortable).

sem

4.6. Discussion of results on k-SETAF's
Our results on signatures of k-SETAFs (cf. Theorems 8—12) are summarized as follows.

Main Theorem 2. The signatures for k-SETAFs can be characterized as follows:

Eff = {S #£ 0 | S is downward-closed and k-tight}
E,];m-ve = {S #+ @ | S is incomparable and dcl(S) is k—tight}
Eftb = {S | S is incomparable and k-tight}

E]a‘dm = {S #£ 0 | S is k-adm-fortable and contains ¥}

Ellfref = {S # @ | S is incomparable and k-adm-fortable}
>k = {S % 0 | S is k-com-fortable and ﬂ Se S}

com

xk =1{S # 0 |Sis incomparable and k-tight)

stage

¥ =1{S # 0| S is incomparable and k-adm-fortable}
For all semantics o € {cf, naive, stb, adm, pref, stage, sem} and 2 < k < o0
i alb Yol alb i el Ve 3)
The C-relations follow immediately from the fact that AFy C AF5™" and the definition of signatures.
That the relations are strict has been illustrated in Examples 12— 13, 15, and 16.

Next we analyse the relation between signatures of different semantics for fixed k.

Proposition 19. Every k-tight incomparable extension-set is also k-adm-fortable.
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Proof. Consider some k-tight incomparable extension-set S. We define PA#t as the set of pairs (S, @)
with §’ U {a} € PAttg and S’ C S € S. We next show that PA# meets the conditions of Definition 23, i.e.
S is k-conflict-sensitive and k-defensive w.r.t. PArt.

e S is k-conflict-sensitive w.r.t. PAft: Consider S, T € S. As S is incomparable we have SUT ¢ S
and foreach t € T \ S that S U {¢t} ¢ S. In particular there exists at leastone t € T \ S and as S is
k-tight there is a set S’ C S with S'U {t} € PAttg. By the construction of PA#t we have (S, t) € PA#t
and the condition for being k-conflict-sensitive is satisfied

e Sis k-defensive w.r.t. PAtt: Now consider a set T € S that is attacked by (§’, 1) € PAtt,ie.t € T.
We have that §" must contain an argument s such that 7 U {s} ¢ S otherwise, as S is incomparable,
S"U{t} C T and thus S'U{t} ¢ PAtt’é. Then, as S is tight, there is a pair (T’, s) € PA#t with T’ C T
and hence also the condition for being k-defensive is satisfied.

As S is both k-conflict-sensitive and k-defensive w.r.t. the constructed PAft we obtain that S is k-adm-
fortable. [

Hence, for k-SETAFs, the preferred semantics is more expressible than stable semantics. We next
show that preferred semantics is indeed strictly more expressible than stable semantics.

Example 18. We consider the argument set A = B U C U {e} with B = {b|, by, ..., bx11}, C =
{c1,ca, ..., cre1} and the extension-set S that contains (i) the set B, and (ii) the sets B U {c;, e} \ {b;}
for 1 <i < k+ 1. Itis easy to verify that S is incomparable. We next argue that the set S is not k-tight.
Consider B € S and the argument e. We have that S U {e} ¢ S but for each &’ C § with |S'| < k
the set S" U {e} is contained in one of the sets in S and thus S’ U {e} ¢ PAtt]g. That is, S is not k-tight
and cannot be realized with a k-SETAF under stable semantics. However, one can easily verify that S is
conflict-sensitive and thus S can be realized with a 1-SETAF (and thus, by (3), with a k-SETAF for any
k > 1) under preferred semantics.

Moreover recall that, for 1nc0mparableS whenever S is k-tight, also dcl(S) is k-tight. Hence, X*
X, \ {#}. By Example 14, =% . C =5\ {4}
We conclude that for any £ > 1,

naive —

—Zk

pref sem*

Xk C RN} = cxt

naive ftage
We finally turn to the relation between conflict-free sets, admissible sets and complete extensions.
Recall that Proposition 16 already showed £*, < TX = Example 17 in fact shows =¥, < = for

k > 1. Inspecting Example 6 and 10 we have an extension-set S’ = {@, {a}, {b}, {c}, {a b}, {b, c}, {a, c}}
with §' € £ but §' ¢ £5, and §' ¢ X2, which shows that, for k > 2, £ ¢ ¥}, and Z5 € TF, .

Likewise, E" ? Zadm is easy to see (k > 1), e.g. consider S = {#, {a, b}} w1th S e Zadm but, as S is not

downward- closed S ¢ X7 . By Proposition 16, Zk ) zk  follows, as well.

com

Finally, we show that the result of Proposition 11 carries over to k-SETAFs for any k > 1

Proposition 20. £}, N %}, C xt

com = “adm’

Proof. Consider S € X7 N X7 . i.e., a non-empty downward-closed, k-tight and k-com-fortable
extension-set. Consider the set PAtt that satisfies the conditions for S being k-com-fortable. We im-

mediately obtain that ¥ € S (S is nonempty and downward-closed) and that S is k-defensive w.r.t. PA#z.
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k
Z:smge Epref

Ek Ek

com adm

k
YE  qop  Dnaive = =
¢ o,\0} =k

sem

Fig. 5. Relations between signatures in k-SETAFs (cf. Main Theorem 2).

It remains to show that S is k-conflict-sensitive w.r.t. PAzt. Thus consider arbitrary A, B € S such that
AUB ¢ S. As S is downward closed this implies |Cs(A U B)| = 0 and thus, as S is k-com closed
there is (T, u) € PArt with T U {b} € AU B, w.l.o.g. b € B. As S is k-defensive there is also an attack
(B’,a) with B’ C B, a € T N A and further an attack (A’, ) with A’ C A, b’ € B’. That is, S is also
k-conflict-sensitive. [l

The relation between the different signatures for k-SETAFs is depicted in Fig. 5.

5. Discussion and related work

In this paper we studied the expressiveness of SETAFs, a generalization of Dung’s abstract argumen-
tation frameworks due to Nielsen and Parsons that extends the notion of (binary) attacks to collective
attacks. In order to do so we investigated signatures for seven standard semantics. The signature X°
for a semantics o is given by the collection of all sets of o-extensions that can be expressed with at
least one SETAF. Providing characterizations for signatures allows for an easy comparison of different
semantics and we classify a semantics o as more expressible than a semantics o’ if £3° 2 X°7. While
% concerns the expressibility of SETAFs of arbitrary structure, we also considered the signatures ©*
of syntactically restricted SETAFs where the cardinality of attacks (S, a) is bounded by an arbitrary but
fixed constant k, i.e. | S| < k. We call such SETAFs also k-SETAFs. This yields signatures for Dung AFs
as special case, since 1-SETAFs exactly gives this class.

Our main results for unrestricted SETAFs (see Main Theorem 1 and Fig. 4) show that SETAF-
signatures coincide for preferred, naive, semi-stable, stage, and (modulo the empty set of extensions)
stable semantics, i.e. we have proven

EOO

naive

= E?tc}i \ {@} = Eftde = E;fef = z:feom'
The picture changes as soon as we turn to k-SETAFs (see Main Theorem 2 and Fig. 5). Here we get the
same relations as were already known for Dung AFs. That is, we have for any k > 1,

Ek

naive

C E.I;lb \ {Q} = Eftage C z:gref = 2:‘fem'
Another interesting finding is that the relation between conflict-free, admissible, and complete seman-
tics differs compared to Dung AFs. In fact, while for Dung AFs we have ng c xl, < %!

com’
for k > 2 we get Eff ¢ »k  while ©* ¥k remains valid. Finally, we have shown that

C
com adm = com
expressibility of SETAFs form a strict hierarchy w.r.t. the attack-cardinality: for all semantics o €
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{cf, naive, stb, adm, pref , stage, sem} and 2 < k < 00, it holds that
i alb Yl alb R el Ve

Hence, our results shed additional light on the properties of different argumentation semantics. In partic-
ular, we have analyzed here how expressibility of a semantics changes, if the structural features an ab-
stract argumentation formalism at hand provides are gradually extended. Another important implication
is that for SETAFs, preferred semantics (and likewise, stable, stage, naive, and semi-stable) essentially
have the maximal possible expressive power, if one does not want to give up incomparability. In other
words, since each possible incomparable set of extensions is provided by at least one SETAF, there is no
need to further extend syntactic features of SETAFs to increase the expressibility.

Related work on signatures. 'The investigations of signatures have been initiated in [7], where the first
characterization for Dung AFs have been introduced. Further analyses include signatures for compact
AFs [1] where, given a semantics o, one restricts the attention to AFs (A, R) where each argument of
A is contained in at least one o-extension. Another line of research is provided in [8] where semantics
are coupled together in the concept of signature, i.e. one is interested in all pairs (S, S’) such that there
is a framework with o-extensions S and o’-extensions S'. In our work, we already have related the
signatures for Dung AFs with the signatures for SETAFs. In particular, we have seen that switching from
binary to ternary attacks already yields a higher expressibility. Another interesting observation concerns
compact frameworks. Inspecting our construction (cf. Definition 10) used to characterize signatures X>°
for o € {stb, stage, pref, sem} shows that every S € X2° can be realized with a SETAF that consists
of arguments from S only. In other words, the signature for compact SETAFs and arbitrary SETAFs
coincide under these semantics, which is not the case for Dung AFs [1].

Signatures have also been intensively studied for abstract dialectical frameworks (ADFs). ADFs spec-
ify the relation between arguments via acceptance conditions which are propositional formulas that are
attached to each argument in the framework. In fact, as for instance clarified in [26], SETAFs can be
understood as a particular subclass of ADFs where each acceptance conditions is given by a CNF over
negative literals. General results on ADF signatures for the 3-valued semantics of ADFs (preferred,
complete, admissible) have been provided by Piihrer [18]. For the two-valued stable semantics of ADFs,
similar results were provided by Strass [19]. Interestingly, for the subclass of bipolar ADFs it turns
out that SETAFs and bipolar ADFs are equally expressible under stable semantics, i.e. their signatures
coincide. The work closest to ours is by Linsbichler et al. [15] and by Polberg [17]. The former stud-
ies SETAFs as a sub-class of ADFs with 3-valued semantics. In order to meet the 3-valued setting the
extension-based semantics of SETAFs are redefined as 3-valued semantics and an algorithmic frame-
work is provided that tests whether a given set of 3-valued extensions can be realized as a SETAF. Their
results allow to compare the expressiveness of admissible, complete, preferred, and stable semantics in
AFs, SETAFs, and ADFs, but do not provide an explicit characterization of the sets that can be realized
as SETAFs. Moreover, the setting with 3-valued semantics is more restrictive than the extension-based
view and thus these results do not translate to the original definition of Dung AF and SETAF semantics.
The work of Polberg [17, Section 4.4.1] studies translations between different abstract argumentation
formalisms in the extension-based setting. It already shows that there are certain sets of extensions that
can be realized by SETAFs but cannot be realized with AFs, in order to show that certain translations
are impossible. However, the exact expressiveness of SETAFs is not investigated any further. Finally,
signatures of further ADF subclasses have been investigated in [5]. However, their focus is on particular
classes of symmetric ADFs and thus their results are not directly related to our investigations.
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Further related work. ~ Another measurement for the expressibility of formalisms is provided via com-
plexity analysis. It is worth to notice that recent results [11] show that reasoning in SETAFs has the same
complexity as reasoning in AFs [9]. In fact, this holds for all the semantics we consider here. This shows
that studying and comparing the signatures of these formalisms provides a much more fine-grained pic-
ture concerning their expressibility.

In a recent paper, Flouris and Bikakis [13] investigate semantics of SETAFs and their relations. They
extended semi-stable, stage, ideal and eager semantics to SETAFs, and provide three-valued labeling-
based semantics for SETAFs.> Moreover, they consider a translation from SETAFs to AFs (similar to
that in [17]) and investigate the relations between extensions of the SETAF and extensions of the cor-
responding AF under the different semantics. While we did not consider ideal and eager semantics in
our work, both semantics always propose a unique extension (for finite SETAFs) and thus we have

el = Dlteal = Deovger = Sager = {S | IS| = 1} for all integers k > 1, cf. Proposition 1.

We also would like to mention here some work that considers collective attacks in a different manner
than it is done in SETAFs. Bochman [2], for instance, extends Dung AFs such that sets of arguments
can attack sets of arguments (i.e., it is not a single argument that is attacked). This however, leads to
the development of new semantics and thus a direct application of our results is not possible. Finally,
there is the work by Verheij rooted in dialectical argumentation which introduces several frameworks
that allow for collective attacks [22-25]. Again, all these systems come with there own semantics, i.e.
not generalizing Dung AF semantics, and thus a direct application of our results is not possible.

Future work. One direction of future research is to consider signatures for subclasses of SETAFs.
Besides syntactic restrictions (for instance, generalizations of bipartite or symmetric AFs), we would
like to study the already mentioned concept of compact SETAFs. This includes an analysis for com-
pact SETAFs for admissible and complete semantics, and moreover, the question whether the relations
between signatures for compact AFs as provided by [1] carry over to compact k-SETAFs. Another di-
rection of research is to understand the interplay between semantics in SETAFs. As we have mentioned
above, results for Dung AFs in this respect have been provided in [8] via the concept of 2-dimensional
signatures. It is an interesting question to which extent these results apply to SETAFs as well.
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